TOWARDS A THETA CORRESPONDENCE IN FAMILIES FOR TYPE II
DUAL PAIRS

GIL MOSS AND JUSTIN TRIAS

ABSTRACT. Let R be a commutative Z[1/p]|-algebra, let m < n be positive integers, and let
Gn = GL,(F) and G, = GLn(F) where F is a p-adic field. The Weil representation is the
smooth R[G, X Gy ]-module C°(Maty,xm (F), R) with the action induced by matrix multipli-
cation. When R = C or is any algebraically closed field of banal characteristic compared to G,
and G,,, the local theta correspondence holds by the work of Howe and Minguez. At the level
of supercuspidal support, we interpret the theta correspondence as a morphism of varieties 0r,
which we describe as an explicit closed immersion. For arbitrary R, we construct a canonical
ring homomorphism 9}% : 3r(Grn) — 3r(Gnm) that controls the action of the center 3r(Gr) of
the category of smooth R[G]-modules on the Weil representation. We use the rank filtration of
the Weil representation to first obtain 9';[1/1)], then obtain Gﬁ for arbitrary R by proving 3r(Gr)
is compatible with scalar extension. In particular, the map Spec(3r(Gm)) — Spec(3r(Gr))
induced by Gﬁ recovers Or in the R = C case and in the banal case. We use gamma factors
to prove Hﬁ is surjective for any R. Finally, we describe Gﬁ in terms of the moduli space of
Langlands parameters and use this description to give an alternative proof of surjectivity in the
tamely ramified case.

1. INTRODUCTION

For a non-archimedean local field with residue field of characteristic p # 2, the theta cor-
respondence involves two groups forming a dual pair in a symplectic group, and provides a
bijection between certain subsets of irreducible representations of (central extensions of) the
two groups. It is an important tool in the theory of automorphic forms, one famous application
being the construction of counterexamples to the generalized Ramanujan—Petersson conjecture
(JHPSS83]), others being cases of the local Langlands conjectures ([GT11]) and Gan-Gross-Prasad
conjectures (JGIL6]). Some of the deepest arithmetic properties of automorphic forms are the
congruences they satisfy, which in turn come from congruences in the local representation the-
ory. Instead of working in the traditional setting of complex representations, we consider the
local theta correspondence for {-modular representations of a p-adic field, where £ = p, or, more
generally, representations on R-modules where R is a Z[1/p]-algebra. The latter constitutes a
“family” in the sense that its fiber at each x € Spec(R) is a traditional representation on a
k(x)-vector space, where x(x) is the residue field of R at . The tools and perspectives needed
in this framework can lead to new insights even when specialized to the complex setting.

Dual pairs divide into two main kinds: type I and type II. Type I involves isometry groups
such as symplectic, orthogonal and unitary, and type II involves general linear groups over skew
fields. Type II dual pairs over p-adic fields are a natural place to begin investigating the theta
correspondence in families because £-adic families with £ # p have been well-studied, especially in
the context of describing how the deformation theory of /-adic Galois representations is reflected
in the local Langlands correspondence for GL,, (J[EH14, [Hel20, HMI8]). Recently there has been
growing interest in working independently of ¢ by using global coefficient rings over Z[1/p]; we
take that approach here.

Let F' be a non-archimedean local field of residual characateristic p and residual cardinal q.
We allow p = 2, as opposed to the type I case. Let R be a commutative Z[1/p|-algebra, let
m < n be two positive integers, and set G,, = GL,,(F') and G,, = GL,,(F'). The group G,, X Gy,
acts by left and right translation on the Weil representation wf, = C>(M,mn(F), R), which

n,m
is the space of smooth compactly supported R-valued functions on the set of n-by-m matrices.
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When R = C and 7 is in Irr¢c (G, ), the type II theta correspondence says there is a finite length
G-representation ©(m) such that O(7) ® 7 is the (G, 7)-isotypic quotient of wy, ,,, and O(7)
has a unique irreducible quotient O¢(7). This theorem is due to Howe in unpublished work; a
proof can be found in the appendix of Minguez’ thesis [Min06]. In [Min06|], Minguez works over
an algebraically closed field R of characteristic £ # p and establishes an injective map on sets of
irreducible R-representations

Or : Irrr(Gp) — Irrg(Gy), m < n,

but only in the cases where £ is banal with respect to G, and G, i.e., when £ does not divide the
pro-orders of these two groups (the case ¢ = 0 is always banal by convention). Minguez makes the
map explicit in terms of the Langlands quotient classification of irreducibles ([Min08|). However,
when ¢ divides ¢" — 1, this already fails: restriction to {0} and the Haar measure ppn give a
surjection

wp1 = (1, ®@1) (|- [n®1),

where 1,, denotes the trivial representation of G,, and |- |, = |- |F o det. Thus there is no map
fr in the traditional sense and a new perspective is needed to formulate a theta correspondence
mod-¢ or in families. On closer inspection, 1, and |- |, have the same supercuspidal support
when ¢|(¢" —1), which suggests considering a map on supercuspidal supports, as we now explain.
Using the explicit description in [Min08] in terms of the Langlands classification, one finds
fr is indeed compatible with supercuspidal supports in the banal or complex settings. More
precisely, there exists an injective map — which we still call 6z — between the sets of supercuspidal
supports Qr(Gr,) — Qr(Gy) such that when £ is banal the following diagram commutes:

Irrp(Gin) —2 e (G

iSCS iSCS

Qr(Gr) — s QR(G).

We can describe 0 explicitly as follows. The Bernstein decomposition is a disjoint union
Qr(Gm) = Len(,,) Yr(Gm) where B(Gp,) is the set of inertial supercuspidal supports. If
(M, p)scs is a supercuspidal support consisting of the G,,-conjugacy class of a Levi M and a
cuspidal representation p of M, we have (in the banal case) an injection of sets

Or : %(Gm) = Q09(G,)
(M7 p)scs — (M X Tn—’ﬂu vaM QR XTn_m)scs 5

where

(m+1*n)+(n;1) (n—1)

xu =177 and x,_,, = || ®r- - Qpr|-|; ?

1.1. Theta map as a morphism of varieties. Let R be an algebraically closed field with
characteristic ¢ different from p. The set Qr(G),) enjoys a richer structure of a disjoint union of
affine algebraic varieties and it is natural to ask whether 6g preserves this geometric structure.
As a result of Schur’s lemma, the center 3r(G,,) of the category Repr(G,) actson m € Irrp(Gyy)
by a character n; : 3r(Gp) — R, and

Irrr(Gy) — Homp_a1g(3r(Gm), R)
= Nr
is a surjective map whose finite fibers are precisely the partition of Irrg(G),) by supercuspidal
supports. Via this identification, supercuspidal supports are R-points (in the sense of Zariski)

of X;, p = Spec(3r(Gr)). In banal characteristic, the Bernstein decomposition coincides with
a decomposition



TOWARDS A THETA CORRESPONDENCE IN FAMILIES FOR TYPE II DUAL PAIRS 3

into integral domains that are finite type R-algebras (see Lemma [B.3)), so we are asking for a
homomorphism of rings

o - 399(G,) = 3%(Gm).

In Section [4| we prove fp is a closed immersion of varieties in the banal setting, hence Hﬁ is
surjective. When R = C this question has been addressed, but only for irreducible unramified
representations: in [Ral82], Rallis produced a map of spherical Hecke algebras giving the type II
theta correspondence on Satake parameters.

When 7 is non-banal, an explicit description of the Bernstein components is much less straight-
forward. Worse, 3%(Gn) can fail to be reduced, so even if we produce a candidate for a map on
points g : Qr(Gy) — Qr(Gn), it won’t uniquely determine a morphism of schemes, and might
not be the “right one.” However, the center 37/, (Gy) of the category of smooth Z[1/p][G]-
modules is reduced. Our strategy, therefore, is to produce a canonical map

# .
0711w 3zi1/pl(Gn) = 3zi1/p) (Gim)
by studying the subquotients of the rank filtration of the Weil representation over Z[1/p].

Theorem 1.1. There exists a unique homomorphism

# .
071+ 3z /p)(Gn) = 3201/p1 (G,
such that the kernel of the natural map

3201/9)(Gn) ®@z11/5) 320175 (Gim) = Endzpy i, 6] (Wit )

is the ideal generated by {z®1—-1® 921/]0](2) : 2 € 3r(Gn)}.

For any Z[1/pl-algebra R, let Repr(Gn) = [[,»0Repr(Gn), denote the decomposition of
Repp(Gr) according to depth in the sense of Moy—Prasad (see [Dat09, Appendix A]) and let
3r(Grn) = [1, 3r(Gr), denote the corresponding factorization of the center. We show in Sec-
tion that le/p] preserves depth in the sense that Hg[l/p} (32[1/p](Gn)r) C 3z211/p)(Gm)r- In

[
particular the depth-r summand of w%,[},{p} in Repyy /p)(Gr) is contained in Repzy /) (Gim)r-

In order to define 0?; for an arbitrary Z[1/p]-algebra R we need some compatibility with
extension of scalars. The Weil representation is easily seen to be compatible with arbitrary scalar
extensions, but this compatibility for the Bernstein center is not obvious when the extension is
not flat (for example, Z[1/p] — Fy is not flat). Thus an essential input for our strategy is the
following theorem.

Theorem 1.2. For any Z[1/p]-algebra R, the natural map 3z /p(Gm)r @zj1/p) B — 3r(Gm)r
18 an isomorphism.

Note that Theorem would fail without restricting to a finite number of factors of 3z(; /) (Gm)

as tensor product does not commute with infinite products. This property has been widely

expected among experts. We give a proof in the appendix, following a suggestion of D. Helm.
Using Theorem we define, for any Z[1/p]-algebra R and any depth r, a homomorphism

Gﬁr :3r(Gn)r = 3rR(Gm)rs

and let Gﬁ =11, 0? - Because of the way it is constructed, we obtain:

Theorem 1.3. The map 0?; satisfies the following two conditions.
(i) The kernel of the natural map

3r(Gr) ®r 3r(Gm) — Endgg, xa

is the ideal generated by {z®1—-1® Qﬁ(z) : 2€ 3r(Gn)}.
(ii) For any field R of banal characteristic, the map between algebraic varieties induced by

'm] (w’V]L{,m)

Gﬁ 1s the algebraic morphism Or previously defined.
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For example, if R = C and s is the inertial class of the principal block, Rallis’s map is exactly
Héé restricted to 3%(Gp). While our correspondence can be compared to that of Minguez or
Rallis, we do not use their results as an input in our construction.

When n = m, Hﬁ is a natural duality involution 3r(G,) — 3r(Gr).

1.2. Finiteness, inductive relations, and surjectivity of Oﬁ. The subquotients in the rank

filtration of w%y[,},{p J can be realized as parabolic inductions from Levi subgroups. Thus 6?2&[1 /p]

factors through a so-called Harish-Chandra homomorphism HC : 371 /,/(Grn) — 3zj1/p (M),

where M is the Levi subgroup (Gm Gn—m)’ where HC is defined by the property that the
action of 3z /) (Gr) on objects parabolically induced from Mj;, factors through HC.
It has recently been established that Harish-Chandra morphisms over Z[1/p] are finite [DHKMDbI,

Th 4.1], from which we can deduce:
Theorem 1.4. The homomorphisms 9;% of Theorem are finite.

By realizing 9%1 /p] in terms of a Harish-Chandra morphism and using induction in stages, we

deduce an interesting recurrence relation. Denoting by 07 the map 91?% : 3r(Gh) — 3r(Gh),

Rnm
we establish
9#

Rnm

_ i # #
= eR,k,m © 0R,k,k © 9R,n,k

for all m < k < n.

When R is an algebraically closed field of banal characteristic, our explicit description of
fr in terms of supercuspidal support allows us to deduce 6p is a closed immersion, i.e., «9;% is
surjective. Actually, this phenomenon has a bigger scope. In Section [6] we prove:

Theorem 1.5. For any Z[1/p|-algebra R, the homomorphism Gﬁ is surjective.

Extending surjectivity beyond the banal setting requires significant new techniques; we use
Rankin-Selberg gamma factors and converse theorems in families, which have only recently been
developed in [MM22] Mos16al [HMIS|. By the recurrence relation above, we reduce to the case
m =n — 1. Then, generalizing the ideas of Watanabe in [Wat95], we realize fr in terms of the
action of the Bernstein center on the induced module indgg ) (I'p, ®1), where I'y, is the Gelfand—-

Graev representation for a fixed additive character ) on F'. We then establish a multiplicativity
property for gamma factors of induced modules, and apply a “gamma factor descent” technique
used in [HMI§|. Note that while Theorem implies Theorem we use Theorem as an
input for proving Theorem [I.5]

In Section [7] we give a second proof of surjectivity in depth zero by using the local Langlands
correspondence in families and interpreting 6z in terms of the geometry of the space of semisimple
Langlands parameters.

We can now formulate a modular theta correspondence on the level of supercuspidal supports
for any any algebraically closed field R of characteristic £ # p. More precisely, let 1 : 3r(Gy,) —
R be a character (i.e., a supercuspidal support), let (wy m)n be the largest quotient of wy, ,, on
which 3r(G,,) acts via 7, and let 6r(n) = no Gﬁ. In Section [§| we use the surjectivity and
finiteness statements above to deduce the following:

Corollary 1.6. The largest quotient of wy, m on which 3r(Gyp) acts by Or(n) is (Wnm)y-

Given 7 € Irrg(Gy,), let m ® ©(m) be the canonical decomposition of the (G, 7)-isotypic
quotient of wy, y,. In Section |8 we prove that ©(m) has finite length. It follows from Corollary
that 3r(Gy) acts on every irreducible constituent of © () via the character 6z (n,); in particular
all the constituents of ©(7) have the same supercuspidal support.

1.3. Functoriality. Let G, denote the algebraic group GL,, defined over Z[1/p]. Let Wg be
the Weil group of F and let P (n) denote the set of G,(C)-conjugacy classes of Frobenius-
semisimple complex Weil-Deligne representations (p, N) where p : Wr — G,(C) is a smooth



TOWARDS A THETA CORRESPONDENCE IN FAMILIES FOR TYPE II DUAL PAIRS 5

homomorphism and N is a nilpotent operator satisfying the usual relation. The classical local
Langlands correspondence for G,, is a canonical bijection

Ly :Irre(Gr) — @%VD(n).

Let v denote the character of Wg corresponding to |- |z under local class field theory and define

~ n— (n—1)

m n—1
gb;:gbv-y_ 2 @ym+1_n+7@---@y 2

In [Min08§|, Minguez showed the following diagram commutes

Ly
Irre(Gr) AN @%VD(n)

04 Tczw%

L,
Trre(Gr) —== ®WP(m) .

It is natural to ask whether our integral morphism 67, ;) is reflected on the W side of the local
Langlands correspondence. As we will now explain, the proper context for such a question is
the local Langlands correspondence in families, which interpolates £, ¢ to a morphism on the
integral Bernstein variety.

The semisimplified local Langlands correspondence L% is the composition of £, ¢ with

YD (n) — e (n)

(p,N)=p,

where ®¢(n) denotes the conjugacy classes of smooth homomorphisms p : Wr — @n((C) whose
images consist of semisimple elements. Since £fo<{: is constant on the fibers of the supercuspidal

support map Irre(n) — Qc(G,), it defines a map
Qc(Gn) — <I>(c(n),

which we will also denote £77¢.

As described above, Q¢ (G,,) possesses more structure: it is the C-points of the integral
Bernstein variety Spec(3z(1/,(Gn)), a disjoint union of finite type affine schemes over Z[1/p|. In
fact, ®c(n) also has a geometric structure and L} can be upgraded to a morphism of Z[\/(}_l]—
schemes. More precisely, let (Pf)een be a descending filtration of the wild inertia subgroup Pp
by open subgroups that are normal in Wr with Pg = Pr. Let s be a topological generator of the
tame quotient Ir /P, let Fr be a lift of Frobenius in Wr/Pr and let WI(} be the preimage in Wg
of the discrete subgroup (Fr, s) C Wr/Pp. We define X as the scheme over Z[1/p| representing
homomorphisms from the finitely presented group ng /Pf to @n The subset ®¢(n) consisting
of semisimple parameters trivial on P is equivalent to the C-points of the affine GIT quotient

scheme X / G = Spec((’)[Xﬁ]a"). This coarse moduli space was introduced by Helm in [Hel20]
over W(F,) and expanded to Z[1/p] and other groups beyond GL,, in [DHKMal [FS21] [Zhu20].
The local Langlands correspondence in families states that for each e there exists a direct factor
32[\@_1]((;”) of SZ[\/Tl](Gn) and an isomorphism of rings:

Lt oxg% =3 ),

7 (
Zlva ')
that recovers £° on ®¢(n) upon extending scalars to C. It was established in [Hel20, HMI8] over
W (F;) (taking £, c as an input) and the morphism descends to Z[,/g '] with formal methods
(forthcoming work [DHKM23]).
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Consider the map on GIT quotients *0, : X¢, / G — Xe G, that makes the following
square commute

e an E:’S:é# e
O[Xn]Z[\/a—l] — BZ[\/afl](Gn)

Lp# # .
b l lezmll,e

S8, #

2l ['m,e
OXGg ey == 35 - (Gm)

We give a straightforward description of 6, in Proposition For simplicity we will restrict
ourselves in this subsection to the depth zero case where e = 0, i.e., where parameters are
tamely ramified (trivial on Pr). In this case, the tame parameter space X2, is the closed affine
subscheme of @m X é’m representing pairs (F,o) such that FoF~! = ¢9. The map sending
(F,0) € X0 to the pair
q_n_zm]m . t}'_l ta.—l
qm—i-l—n-l—"T_l 1
; , c X?°

q(ngl) 1
is equivariant for the conjugation action on source and target, and 6y is the induced map on
GIT quotients X2 /G, — X0 ) G.

Thus HZ[ Vi is almost an instance of Langlands’ functoriality principle in that, up to ac-

counting for some unramified twisting, “6, is given by a homomorphism of L-groups

G — G

t -1
g 0
gH< A In_m) .

By invoking the local Langlands isomorphism in families and our Theorem [I.5, we deduce

Corollary 1.7. The map "6, is a closed immersion, i.e., LHf is surjective.

Given the description of “8,, it is natural to seek a direct proof that “6, is a closed immersion,
one which is geometric and does not rely on gamma factors or the local Langlands correspondence
in families. This turns out to be deep because the GIT quotient is a subtle construction in the
integral setting. In Section |7, we give a proof in the depth zero case relying heavily on [FS21]

Th VIIL.0.2], which is a difficult result relating (’)[Xﬁ]a” to an algebra of excursion operators.
Our approach could probably be extended to positive depth using the reduction-to-depth-zero
machinery in [DHKMa], but we have not pursued this.

1.4. Further directions. The questions we have investigated in this paper can be posed in
other contexts. For example, some techniques in this paper might generalize to the setting of
type II dual pairs over division algebras. While the geometric lemma and the Harish-Chandra
morphisms generalize, the local Langlands correspondence in families and the theory of gamma
factors would require new developments. As another example, the compatibility of the theta
correspondence with supercuspidal support for dual pairs (G, G’) of type I has been established
in [Kud86] and one can ask about the algebraicity and integrality of such a map. Even though
the algebraicity seems rather straightforward from Kudla’s formulas, integrality seems to be
difficult. The authors plan to investigate these questions in future work.

1.5. Acknowledgements. The authors are grateful for helpful comments and suggestions from
Jean-Francois Dat, David Helm, Rob Kurinczuk, Alberto Minguez, Vincent Sécherre and Shaun
Stevens. The first author was partially supported by NSF grants DMS-2001272 and DMS-
2302591. The second author would also like to thank Jack Sempliner for useful conversations on
algebraic geometry.
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2. THE FILTRATION OF THE WEIL REPRESENTATION AND ITS ENDOMORPHISMS

In this section, our coefficient ring R is any commutative Z[1/p|-algebra. In particular we do
not assume the existence of a square root of p in R. We denote by 1 the trivial representation,
which is the free R-module of rank one R with trivial group action. Recall that the linear action
of G, X G, on the Weil representation is given by matrix multiplication:

(Wit (Gns gm) - D) (@) = F(g, " 2gm),

for z € My 1 (F) and f € C°(Mpm(F), R). As the context here should be clear, we drop the
reference to R in spaces of functions and in the Weil representation to lighten notations.

We will study the rank filtration of the Weil representation and show that the endomorphism
rings of its subquotients are identified to the center of the category of smaller and smaller general
linear groups. The main tool we use is the so-called geometric lemma. To preserve the flow of
the exposition, we have relegated the details of the geometric lemma to Appendix[A] We briefly
recall some notations from the appendix. Choose as a minimal parabolic subgroup of G, also
called a Borel subgroup in this situation, the subgroup of upper triangular matrices B,, with Levi
decomposition T, N, where T, is the subgroup of diagonal matices in G,, and N,, the subgroup
of unipotent matrices in B,,. For 0 < k < n, set:

n __ a 0
Mk{[ 0 bn_k]eGn

It is a standard Levi of Gy, which is contained in a unique standard parabolic subgroup denoted
by P! = M['Nj!. Let Q! = M;' N}’ be the opposite parabolic to P} with respect to B,,. We use
similar notations for G,,. From now on assume that n > m.

ar € G, and b,_j, € Gnk} .

2.1. Filtration by the rank. Let O be the set of rank k£ matrices in M,, ,,,(F') and write:
Mum(F)= [ O

0<k<m
Each Oy is a single (G,, x Gy,)-orbit that is also a locally closed subset of M, ,,(F'). Denote
by Uy = 151 Oi the set of matrices of rank at least k. The set Uy is a (G, x Gp,)-stable open
subset of M,, p,(F') and Oy, is closed in Uy, yielding a stratification of the space M, p,(F). Take
representatives for (O )o<k<m by setting:

Idp 0 ]
CL‘]C:|: Ok 0 GMnym(F).

Denote by Stj the stabiliser of xj, which is the normal subgroup of P’ x Q" defined by:

o % a 0]
e {([3 1) oo

Write C2°(Gy) ®r 1 for the representation of P;' x Q}', where the Gy factor of P’ acts by
left multiplication on CZ°(Gy) and that of @} by right multiplication, i.e., where the action of
Pl x Q' is given, for f € C(Gy), by:

([(g *]7{0/ OD'f:xeGk%f(a_lm’)eR.

* * *

aEGk}.

Proposition 2.1. Set w,(f%@ = C(Uy).
a) The rank induces a filtration in Repr(G, X Gy,) of the Weil representation:

ngk C...Cw) O = Wn,m,

nm = = %nm ="“nm

where each subquotient is canonically isomorphic to some C°(Oy).
b) Define:
Wk = indIGDg;gkm(C?O(Gk) ®r1) .
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Then the orbit map g € (G x Gp) — g~ - x) € Ok factors through an homeomorphism
Ste\(Gn X Gp,) =~ Ok, which induces canonical isomorphisms:

C(O)) ~ CZ(Sty\(Gn % Gm)) =~ Wi,
Proof. Because Oy, is closed in Uy, we have for all k£ that:

0= CX(Upyr) ™5 02U ™ C=(04) — 0

where ;41 is the obvious inclusion from Ugy; C Uy and py is the support restriction to Oy.
Collecting these many exact sequences for 0 < k < m yields the filtration.

First, by [Ren09, 11.3.3 Cor], the map g € G, X Gy, — g~ !-2 € O}, induces a homeomorphism
Ste\(Gn X Gpy) = Op. So CX(Oy,) =~ indg’;’;XGm(l) where 1 is the trivial representation. As Sty
is a normal subgroup of P’ x Q*, we get that:

indgt “9F (1) ~ C(Gy) @ 1.
Furthermore the action of N]* x Nk, is trivial on C2°(Gy) ® R 1 because it is contained in Stg. So

by transitivity of induction 1ndG"XGm(1) o~ deGDQ:gT’Zf (CX(Gg) ®r 1) in Repp(Gn x Gp). O

2.2. Example when n = 2 and m = 1. In this situation we have a filtration:
0 Qw(l) Cwég = w22.
Denoting by By the standard Borel subgroup of G of upper triangular matrices, we have:
Wy o = ind§?(C2°(G1) @g 1) and Wiy = 1.

Note that Enda,xa, (1) ~ 3r(Go) = R. In addition Homg, xa, (W3, W ,) = 0 as, for compact
support reasons, there is no function in indgs(CSO(Gl) ®pg 1) with support G2. Studying the
endomorphism ring of the remaining subquotient, Frobenius reciprocity reads:

Endg,xa, (W21,2) ~ Homp, xc, (tGQ (WZ 2) Cgo(Gl) ®R 1)
and as a consequence of the geometric lemma:

0—dp, - (1®rCX(Gr)) — tG (W2 o) = CF(G2) ®r 1 — 0.

Any morphism deduced from Frobenius reciprocity must restrict to zero on dp, - (1®r C°(G1)).
Indeed, this is a consequence of Homp,xq, (0B, - (1 @r C°(G1)),C°(G1) ®r 1) = 0 because,
for compact support reasons again, we must have Homg, (x, C2°(G1)) = 0. Therefore all these
maps factor through the quotient in the exact sequence:

Homyy, i, (v, (W3 9), C°(G1) @ 1)~ Homg,xq, (C°(G1) ®r 1,C°(G1) ®p 1)
~ Endg, x¢, (C°(G1)) = 3r(Gr).

Actually these rather simple ideas (nullity of some homomorphism space for compact support
reasons and using the geometric lemma) transfer well to the general case, at the cost of intro-
ducing less digestible notation.

2.3. Representations W,]Zm. In order to study the properties of the Weil representation wy, i,
one can start considering the subquotients Wffm for 0 < k < m. It happens that the endomor-
phism ring of Wffm is isomorphic to the Bernstein center of Gy, as already noted for n = 2 and
m = 1 in the previous paragraph.

Proposition 2.2. By setting G = Gy X Gy, H = P! x Q' and V}, = C°(Gy) ®r 1, the
induced representation an satisfies the hypothesis Homp (ker(evy), Vi) = 0 of Corollary .
In particular, we obtain an isomorphism of R—algebms:
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Proof. The idea of the proof has already been presented in the case n = 2 and m = 1. The proof
below can be more easily navigated keeping this example in mind, as the core idea remains the
same for general n and m.

We would like to apply Corollary [A.4] so we need to show that Homy (ker(evy), Vi) = 0. First
of all, because the action of the radical unipotent of H is trivial on V., we deduce that:

Hompy (ker(evy), Vi) ~ HomManm(tG ig (ker(ev1)), Vi).

Note that ker(evy) C 1?%8%(%) is the subset of functions on G,, x G, supported on the
complement of P;' x Q. The geometric lemma as stated in Appendix |§| gives a filtration of

g ig’“ (ker(ev1)) in Repgr(M;' x M}™). Its subquotients are:

I 1M"><Mm
waw’ = P(T;C H%)XQ(k 3,3,3)

1,2, Q
<5wg’i6wgfj ®r ((wﬁi, wi'j) © tJ\/}I:LxMT)n (k700 (Vk)))

for (w,w') = (wy;, wy’;) # (Idp,Idy,). In order to prove the condition Homp (ker(ev:), Vi) = 0
it is sufficient to show that HomngM;y( wa's Vi) = 0 for all (w,w’) # (Idy, Idy,).

Suppose that w # Id,. Second adjunction is valid in this context [DHKMD, Cor 1.3], so the
R-module HomngMlT(Iw,w/, V) is isomorphic to:

Because w # 1d,,, we have i 7& 0. Consider the following non-trivial torus:

Ti—[ Idnk],whereTz—{[ )\Idi]EGk

Then we claim that 7" acts as a character on the left-hand side of the last Hom-space above
whereas it can not act as a character on the right-hand side. Indeed we have:

)\EFX}.

0,1, Qn—zzz \ 7
Eags (V) =ty (Vi) = CR(NF\G) @ 1.

If TP acts as a character on v € C°(NF\G},) ®r 1, then T} acts a character on some element
v e Cgo(Nzk\Gk). But if v # 0 then its support must contain NfTi, which is not compact in
Nk\Gk, so v/ must be zero i.e. v = 0. This means that the Hom-space above must be zero too

as T;" C M& i)

Therefore Hompsnxarm (Luws Vi) = 0 for all (w,w’) with w # Id,. Alternatively we can
conclude this is also zero for all (w,w’) # (Id,,, Id;;,) when w’ # Id,,, just switching the roles of
w and w’ in the proof above. Therefore Corollary applies as ker(evy) has a filtration whose

subquotients are (I, ) for (w,w’) # (Idy,Idy,). O
With similar arguments to the preceding proof, we can prove:

Proposition 2.3. For all k' > k, we have Homg, xc,, (Wk Wk’ m) = 0.

n,m?
Proof. As this proof is just a variation of the previous one, we go through the arguments in a
more direct way. Set V; = C2°(G1) ®r 1 € Repg(F* x Q). By Frobenius reciprocity:

P .
HomGnXGm(Wn m?Wk ) HomM,?,XGm( G]:L Olgﬁ(IQm(Vk))algg (Vk’))

Here the version of the geometric lemma we use is again explained in Appendix [A] where the
index set is W (k, k', n) and its elements are w; = w} ., , € W(k,k',n) for ¢ € [0, min(k,n —K')].
To ease the notation set V;" = 18;”& (Vi) € Repr(P" x Gpn). The subquotients read:
M ’
I _ ];L/ 5 . ot (’,ic i,1,k" —k+1) Vm
e M(k ik! —k+i,i) < v ®R (/wz M ( F )

and we want to prove that Homasr, x,, (Iw;, V') = 0 for all w; € W (k, K. n).
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Applying the second adjunction [DHKMDb], Cor 1.3|, we want to prove that:

n

M ik — ki 7Mn7i, ! ki
HOMAE 1y <G (B @ (i 0 03 (V) gy (V) = 0

Similarly to the previous proof, the non-trivial torus:

Idy,
Adg eGy| A€ F*
Id,, g

acts as a character on the left-hand side of the Hom-space, but it cannot act as a character
Mn
(k—i,k! —k+i,i)

on the right-hand side t,» (Vi) =~ C2(NF' \Gy) ®g 1 for compact support reasons.
k!

Therefore HomM;L/ G (T Vi') = 0 for all w;. O

3. ACTION OF THE BERNSTEIN CENTER ON THE WEIL REPRESENTATION

#
Z]1/p

of 371/p)(Gn) @ 3771/p)(Gm) with the subquotients WY, of the filtration. Then we show that
the actions of G, and G, on W,’fm are compatible with respect to depth. This allows us to

define 6% for an arbitrary Z[1/p]-algebra R using the results of Appendix [B.4
R

In this section we define a ring morphism 6 ] coming from the compatibility of the action

3.1. Action of the center on the filtration. As a result of Proposition [2.2] we can consider
the natural ring morphisms:

Onm  3R(Gn) @R 3R(Gm) = Endgic, xG,) Wiy m)
whose images lie naturally in 3r(Gj). Also we define the natural action:
Onm + IR(Gn) ®r 3r(Gm) — EndR[anGm] (w'rlim)

By abuse of notation, we represent ¢, n(z) for z € 3r(Gr) ® 3r(Gym) as a matrix with respect
to the rank filtration of the Weil representation. The center preserves subrepresentations, so we
must have:

Onm(2)  * *
Onm(z) = 0 %
0 0 ¢pn(z)

In addition, the * maps above are 0 because of Proposition and this implies the following
relation on kernels:

m
Ker(pnm) = ] Ker(e m)-

k=0
We will prove these kernels are well-ordered for inclusion.

3.2. Action of the center: the case of Z[1/p].
Proposition 3.1. Let R = Z[1/p]. We have inclusions of kernels:
Ker(op'y,) € .. C Ker(pp,n) € Ker(g)) ).

Proof. Let z € 3771/,)(Gn) ® 3771/p)(Gm) such that @ftl(z) = 0, then the goal is ¢k (z) = 0.
Because gofhm(z) belongs to 371/, (Gk), it is enough to check it over the complex numbers via
the canonical embedding:

3z11/p(Gr) = 3c(Gr)

and the compatibility of the Weil representation with scalar extension.
Consider the subquotients W*  of the filtration of Proposition when R = C. Applying

n,m

Lemmato each direct factor of the center, we have goﬁm(z) = 0 if and only if for any Zariski
open dense subset U we have n(cp’,fb’m(z)) =0 for all n : 3¢(Gx) — Cin U. Then combining it
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with Corollary and Proposition we are left to check n(gpfiym(z)) = 0 where this scalar is
the action of z on:

(Wk ),7 = IndPn (7T77 ® 1p—k) ®c Ind ( ,\7/ ® Lm—k)-

In order to introduce a term coming from Indngﬂ and use our hypothesis cpk“( ) = 0, we use
induction in stages. First, embed:

Ln—r C Ind Z (11 ® 1n—(k+1))'
Py

Similarly for m. Remark that the induced representation above has always length 2 by the
theory of segments: it contains 1,_j as well as an irreducible quotient ¢. Now by transitivity of
induction we can embed (Wk ) in:

(1) Indg (In dG’,:ﬁ(m,@h)®1n_(k+1))®1nd0m (In dGﬁi}( T ®11) ® Ly (ky1))-

k+1

Thanks to the theory of segments, we can always assume for all n in our Zariski dense open set
U that IndGl,jﬁ (mp®11) and IndG’,jI} (7 ®11) are irreducible. Therefore it defines an irreducible

quotient of the regular representatlon
G G
C(Grar) — Ind 115 (my @ 11) @ Indpiﬁ(ﬁn ®11)"
k

which induces a quotient of WFT! =1In dg%xggm (CX(Grt1) ® 1), namely:

G G
(2) Incl}f;'lg+ (Indp',:ﬁ(wn ®11) ® Ly (kr1)) ®Indgkﬁ+ (IDde(W,7 ©11)" @ Lo (ky1))-

n,m?
We will now relate this quotient to our big tensor product above.

It remains to check that the right-hand side of the tensor products and define the
same supercuspidal support. It is easier to switch to normalized induction to read supercuspidal
support as with the non-normalized version, one needs to introduce twists by modulus characters.
Choosing a square root of ¢ in C, we only need to compare the supercuspidal supports of:

Note that z acts as @ 71(z) = 0 on WETL so it acts trivially on the latter quotient (2) of WET!.

G e 1 G .G
IndZH 1 (my © 1) = iG8T1 0 0 (my © 1)) and Tnd T (my @ 10)Y = i9H1 (8 () © 1),

k+1

_ 51 k+1
But 5QZ+1 = 5P:+1 as Q" is the opposite parabolic of P

. So the supercuspidal supports are

the same. To sum up what we have obtained: the scalar 7(¢F () corresponds to the action of
z on (Wffm%7 and it is also equal to the scalar n (cpfﬁ;,% (z)) corresponding to the action of z on
(W,]fjnl)n/ where 7' : 3¢(Gr11) — C is the supercuspidal support associated to the irreducible

representation Indg’,jﬂ (my ®1). 0
k

We deduce from the previous proposition the existence of our morphism:

Proposition 3.2. There ezists a unique Z[1/p|-algebra morphism:
# .
07y ¢ 3201/p)(Gn) = 320175 (Gim)

such that for all z € 371/, (Gyn) we have @), (2 @ 1) = ¢, (1@ GZ[l/p]( z)).

Proof. Looking at the definition of ¢y’,, the homomorphism is uniquely determined by the
action of 371/, (Gn ) on W} and the canonical identification Endg, xa,,, (W) = 3z01/p)(Gm)
from Proposition O
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3.3. Preservation of depth. Let G be any connected reductive p-adic group, let B(G, F') be
the Bruhat-Tits building of G. For z € B(G, F) Moy and Prasad defined in [MP94] a decreasing
filtration of the parahoric subgroup G, = G, by open pro-p subgroups G ,, 7 € R>q, and the
jumps in the filtration form a discrete sequence r1,rs,.... There exists a finite set X of “optimal
points” x for which the r; are rational. We fix such a ¥ for GG, and thus also for its Levi subgroups,
and restrict our attention to 2 € . Moy and Prasad defined subgroups G, ,+ = [J,~, Gz.s and
a set of characters Xa,r, : Gay, /G, .+ — Z[1/p, (], called unrefined minimal types of depth r;.
Any V € Repc(G) contains at least one Xz,r; for some ¢ and z, and V is said to have depth r; if
all the unrefined minimal types it contains have depth r;. An irreducible V' has depth r; if and

T

only if r; is minimal with the property that m o = 0 for some x.
One can construct (c.f. [Vig96, I1.5.7a|,[Dat09, Appendix A]) finitely generated projective

objects
Q; = P(r;) = @ @ indgxmi Xaz,r;-
T Xz,r;

Considered as objects in Repgy ,)(G), the P(r;) induce a decomposition of the category:
Repz1/5)(G) = [ [ Repzp ) (G)r,

where Repyp /) (G)y, is the full subcategory of objects V' satisfying Homgz /) (@7, V) = 0
for j # i. Any object V € Repyy /,)(G) decomposes as a direct sum V' = P, V; where V; =
2 peHom(Q,,v) Im(®).

Let R be a Z[1/p]-algebra. Since compact induction commutes with base change, P(7;) ®z1 /p)
R is a projective generator of the subcategory Repr(G),, of objects satisfying the analogous
property in Repp(G). When R is any algebraically closed field containing p~!, this is precisely
the subcategory of objects having depth r; ([Vig96, I1.5.7 Rem]).

Let eZ-G denote the idempotent in 32[1 /p](G) defined by the depth-r; projector V — V.

Lemma 3.3. Let R be a Z[1/pl]-algebra. For all parabolics P = M N in G, the parabolic induction
functor ind% : Repr(M) — Repgp(G) preserves the depth.

Proof. This lemma was proved in the case R = C in [MP96] and in [Vig96l I1.5.12] when R
is a general algebraically closed field of characteristic different from p. It suffices to prove our
statement over R = Z[1/p] because we have observed above that the depth-r; subcategory of
Repy /) (G) is preserved under any scalar extension Z[1/p] — R.

Consider ind%(Q;), where Q; is the progenerator of Repyi /p)(M)y; considered above. Since
parabolic induction preserves depth in the case where R = C, eiG acts on ind]Gg(Q@- ®C) =
indg(Qi) ® C as the identity endomorphism. Since indg(Qi) is torsion free, it is a submodule
of ind%(Q;) ® C so ef acts on ind%(Q;) as the identity. Similarly, e acts by zero on ind%(Q;)
for j # i. This shows that ind%(Q;) is in the depth-r; subcategory of Repz[1 /p) (G)-

Reciprocally if V' is in Repg /) (M)y,;, there is a surjection from a direct sum of copies of Q;
to V' in Repyyy /p (M), in which case we have a surjection from a direct sum of copies of ind%(Q;)
to ind%(V), which shows that ind% (V) is in Repz1 /) (G)r, - O

Given groups G, G', and an object V in Repp(G x G'), we will denote by eiGV the depth-i
summand of V for the G-action and by VeiG/ the depth-i summand for the G’-action. Note that
eS(Ve§') = (e§V)el" since the idempotents commute in Endgyx g (V).

Lemma 3.4. e?’“Cgo(Gk) = Cgo(Gk)eiG’“.

Proof. Let p; denote the left translation action on C2°(Gy) and p, the right translation action,
respectively. We have an isomorphism of R[Gj]-modules

(C2(Gr), p1) = (CZ(Gr), pr)
ferY.
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Thus eiG’“ acts as the identity (respectively, zero) through the left action if and only if it acts
the same way through the right action. (]
Lemma 3.5. Let R be any Z[1/p|-algebra and let k: < n be positive integers. Let Mk, x MJ™

act on C°(Gy) ® 1 as in Subsectzon Then e (C‘X’(Gk) ®1)=(CX(Gg) ® 1)

Proof. Since everything is torsion-free, it suffices to prove the lemma in the setting where R = C.
We claim the M}'-representation (eZ-G"'C’é’O(Gk)) ® 1 has depth r;. Let M = M} for ease of
notation. Given z € B(M, F'), the Moy-Prasad filtration is given by M, = M N (G,),, after
considering x as a point in B(Gy, F') ([KP23, Prop 13.2.5]) and M, , = (Gi)yr X (Gn—k)zr for
y € B(G, F), z € B(Gy—k, F). Suppose (eiG’“ C(G))®1 contains an unrefined minimal type x
of depth r. If r = 0, then x is the trivial character on a group M, o+ and therefore eiG’“ C*(Gy)

has non-zero fixed vectors under (Gg), o+ i-e. einCé?o(Gk) contains a depth 0 type. So r; = 0.
If r > 0 we have:

X - ]\4%7/]\4%’7"4r — C*

and we can factor y as y1 ® x2. Since x is minimal and Yy must be the trivial character of
(Gn—k)z,r we have that x; must be an unrefined minimal type of (Gk)y,r/(G%)y .+ because 7 > 0.

But all unrefined minimal types in 6 ’“C"X’(Gk) have same depth r;, which must be equal to r.
As a result of the claim, we have e (C”(Gk)) 1) = (eiG’“Cgo(Gk)) ®1= (CSO(Gk)eiG’“) ®1=
(CX(Gr)) ® )ei K by Lemma O

Lemma 3.6. We have eiG"W,’i =Wk, efm.

TL’H’L’L

Proof. We begin by noting that
Wk, = indg; (indgiz(Cé’O(Gk) ® 1))
= ind§y (indgﬁ(Cé’o(Gk) ® 1)) :
Now Lemma (several times) combined with Lemma gives
elG”W,’f’m = indg}? (eM’“ de m(CP(GE) ® ))
= indSy (indgg (ei F(O=(Gy) ® 1)))
= 1ndgi{; (mdgz} <(CC (Gr) ® 1)e; )) Wffm e;
Corollary 3.7. Let R = Z[1/p]. We have €; wn[%{p] n[,ln/p]eG In particular,
#
HZ[l/p] (?’Z[l/p](Gn)ﬂ) c 32[1/10](Gm)ﬁ"
Gm

Proof. In our previous notation, Lemma shows gon m(€; Gn®l1-1Q e; ™) = 0, so the result

follows from Propositions [2.3] and [3.1} O

Therefore we can set HZ[l/p 2 3211/p)(Gn)r = 3z(1/p)(Gm)r and we have 0 5 = =1L, 02[1/}7
according to the depth decomposmon

3.4. Action of the center: the case of arbitrary R.
Corollary 3.8. Let R be any Z[1/p]-algebra. We have an inclusion of kernels:
Ker(¢),) € ... C Ker(pp ) € Ker(op,)-

Proof. The R-algebra 3r(Grn)r®3Rr(Gm): is generated by the image of 371 /5 (Grn)r®3z(1 /p) (G )
thanks to Corollary As the maps ‘sz,m are compatible with scalar extension, and so is the
Weil representation, the statement follows from the fact that it holds over Z[1/p]. O
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#
GZ[l/pLT ® R and

=11, 0% k. and we obtain Theorem of the introduction. We re-state it as follows:

For any Z[1/p]-algebra R, the previous corollary allows us to define Qﬁr =

Propositlon 3.9. There exists a unique R-algebra morphism:

0% : 3r(Gr) = 3r(G)

such that for all z € 3r(Gn) we have @), (2@ 1) = ¢! (1 ® Hﬁ(z)). Furthermore this con-
struction is compatible with scalar extension R — R’'.

Proof. This holds thanks to the compatibility with scalar extension of the Weil representation
together with Corollary O

4. THETA CORRESPONDENCE AND SUPERCUSPIDAL SUPPORT

In this section, let R be an algebraically closed field of characeristic £ # p. Let wy, ., be the
Weil representation with coefficients in R for the group G, x G, and assume that m < n.

4.1. Banal theta correspondence. Recall that if the characteristic £ of R does not divide the
pro-orders of G, and G,, we say that ¢ is banal with respect to G, and G,,. The following
theorem constitutes the heart of the theta correspondence and has been proved by Roger Howe
for complex coefficients R = C and by Alberto Minguez for any algebraically closed field R of
banal characteristic with respect to G,, and G,,

Theorem 4.1 ([Min06],[Min08]). Let 7 € Irrg(Gyy,). Then:
(1) there exists a unique 6(m) € Irrr(Gy,) such that wy m — 0(7) Qp ;
(ii) the map w+— () thus defined is injective;
(111) the quotient is multiplicity one i.e. dimg, xa,, (Wn,m,0(7) ®g m) = 1.

Write Irr%(Gn) to denote the image of the map €. Then the theorem asserts a bijection:

Irrp(Gry) 2 % (G).

The map 6 of the theorem is reputed to be compatible with the supercuspidal support, which
means there exists a map Oscs : Qses(Gm) — Qses(Gr) such that the following diagram commutes:

Irrr(Gr) —>IrrR(G ).

(
]
Qses (G Qses(G)

Similarly to the map 6, we can denote by QS%(G) the image of s, which alternatively is the
image of Irr R(Gn) through the supercuspidal support. It is not a priori clear whether the map
Oscs thus defined is injective, however, we can deduce its injectivity from the following more
precise description:
Qr(Gn) — Qr(Gp)
(M,p) = (M X Tyom,p'XM @R XT, )

where Qr(G)n) is the set of supercuspidal pairs (M, p) where M is a Levi and p is a supercuspidal
representation of this Levi and the characters of M and T,,_,, respectively are:

_n-m +1— +( = (n 1)
X =117 8LHGlXTn_m:Hlm " QR ®r|-|;?

This map is well-defined on the equivalence classes on each side, also called the association
classes of supercuspidal pairs, and therefore defines a map:

Qr(Gp) — Qr(Gn)

(Mv p)scs = (M X Tn—myvaM QR XTn_m)scs

where we denote equivalence classes by scs subscripts. This map is precisely #r and one can
easily check that the explicit latter map is injective, so g induces a bijection Qr(Gyy,) =~ Q%(Gn).
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4.2. Map of varieties. Another way to think about supercuspidal supports is to identify them
with the points of the Bernstein center. For all irreducible m € Irrg(G), the Bernstein center
acts as a character 7, : z € 3r(G) — zr € R thanks to Schur’s lemma. It is a result of Vignéras
that the equivalence relation on Irrg(G) defined by “having the same character” agrees with
supercuspidal support i.e. n; = np if and only if scs(r) = scs(n’). For m a supercuspidal
support, we denote by 1, the associated character. Therefore we have a bijection:

QR(G) — Homealg(SR(G)’R) )
m — Thm

As Qgr(G) is naturally identified with Spec(3r(G))(R), it can be endowed with a structure of
affine scheme. When /£ is banal with respect to GG, one can describe the irreducible components
of 3r(G), which correspond to the set of primitive idempotents in 3z(G). Each one of these
irreducible components is also connected and finite type over R. When £ is non banal, these
irreducible components are still known to be finite type over R but they may fail to be reduced.
The situation is far worse as there is no explicit description of these components purely in terms
of representation theory.
With this point of view, one can ask about the algebraicity of the map 0z defined above:

Proposition 4.2. Let £ be banal with respect to G, and G,,. The map Or induces a morphism
of algebraic varieties Qr(Grm) — Qr(Gh).

Proof. We decompose the map 0 as the composition of:

<M7 p)scs — (M7 Pv)scs and (M, p)scs = (M X Tn—mprM QR XTn,m)scs-

The first one is algebraic as it corresponds to the contragredient involution on the center, which
is an automorphism of Zr(Gp,).

Regarding the second one, let s € Br(G,y,) be an inertial support and let (M, o) be a super-
cuspidal pair such that (M, 0)ss € 6. Let Xgr(M) be the variety of unramified characters for
the Levi M. The map:

¥ € Xp(M) — (M, 0¢) € Qp(Gm)

identifies 25(G,) with the quotient Xgr(M)/H(ns) where H(pr oy is the finite group corre-
sponding to all characters ¢» € Xg(M) such that (M, 0v)scs = (M, 0)ses- We have this relation
if we can find w € Ng,, (M)/M such that (c¢)* ~ o1. Similarly let s’ € Bgr(G,) such
that (M X Th—m,oXM @R XT,_,, )ses € § and identify the variety Q%(Gn) with the quotient
Xr(M X Tom) [ H(M Ty, soxn@nxr,_,,)- We can define the algebraic map:

(M7 0¢) = (M X Tnfma U¢XM QR XT,,L,W)-
In order for the map:

(M, ,O)scs — (M X Ty—m, PXM QR XTn,m)scs
to be algebraic it is sufficient to check whether the algebraic map:

(M, 0t) = (M X Ty—m, 0YXM @R XT, )
induces a map Q%(G,) — Q%(Gn) on quotients of Xr(M) and Xr(M x T),_,,). But for all
¢ € H(p0) We claim that:
(M X Ty, oYX M ®R XT— )sos = (M X Tpmm, 0XM R XT, -, )scs-
Indeed our map is equivariant for:
w € Ng,,(M)/M — (w,Idp, _, ) € Ng, (M X Ty_mn)/(M x Th—p)

in the sense that:

(oxnr @r x1,_,) " T0=m) ~ (0xan)” @r X700 = (0V)X0r OR XT,_0,

where we have used x{; = xu for all w € Ng,,(M)/M because x s factors through the deter-
minant over M. Therefore we obtain a map Q% (Gn) — Q5%(Gy). O
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By the banality assumption, the ring 3r(G,,) is reduced, so O is uniquely determined by its
behavior on points. Between principal blocks this algebraic map:
_ —_n—m +1— +@ (n=1)
(Tons ) = (T b 7 @r |7 @ @r )y 7))
has already been studied by Rallis. Writing 7T, = T;;, X T},—.,, we can describe the corresponding
morphism Oﬁ on coordinate rings as follows: first, define

(egm,lm))# CRIXGEL - XE e RIXTY, - XA

by sending X; to q_%X{1 if 1 <7< mand to q(i_")+nT_l if m+1 <4< n. This map is
compatible with the permutation action on variables from &,, and &,, in the sense that there
is a commutative diagram:

(e(RTmy1m>)#

R[Xitla 7XT:::1] R[Xitlv 7XT:)|:11]

(Q%Tmﬁlm)scs )#

R[leﬂ?... 7)(%1]611 R[Xlil, ... ’Xﬁll]Gm

It can be easily checked that the R-algebra morphism obtained on invariants, which we refer
to as Rallis’ map, is surjective. This extends beyond the principal block thanks to the explicit
description of Bernstein blocks in the banal setting:

Proposition 4.3. Under the banal assumption, the map Gﬁ : 3r(Grn) — 3r(Gy) is surjective.
So Og is a closed immersion.

Proof. We can explicitly write what the map 6p is on Bernstein components. First of all, note
that the morphism a € G, g — Aa~! € Gy, g corresponds to the morphism of R-algebras
X € RIX*! — AX~! € R[X*!]. Recall the notations from the previous proof where (M, o) is
a supercuspidal pair and s € Br(G,,) such that (M, 0)ss € 6, as well as the image s’ € Br(G,,).
We choose the supercuspidal support (M x T}, 1, QR 15 —m)ses € 8" as our base point in Q%(Gn).
We can also assume that (M, o) is factored according to its principal unramified part in the sense
that (M, o) = (Mo x Ty, 00 ® 1x) where o does not contain any unramified character of a torus.
Consider the R-algebra morphism:

M @R tnm € RIM/M°) @r R[Tp—m/T0 ] — X1, (bn—m) X2z (M)t € R[M/MO]

which corresponds to (M, o) — (M,oVy " xa ®r x7,_,). Thanks to the identification

Trin—m = Tk X Tpy—p, through t,, 1k = (tg, tn—m) where k was our principal unramified index,

we can rewrite it as (Mo x Tk, cotar, @r Vi) — (Mo X Tktn—m, O'VwO_IXMO QR XTk+n_m¢k_1) for:
(n—1) (n—1)

—nom (m+1—n)+
XMy = XM’MO and XTtn—m = XM|TkXTn—7n = |Tk > ®rl- |1 * ®r- - ®Rr|- |1 ’

This corresponds on R[Mo/M§] @r R[Tysn—m/Tisn_p) — R[Mo/MJ] @ R[Ty/T})] to:

M, _ - N _ _
(953 U))# L0 @R tnemtk — Xato (M0) Ty @R X1, s i (Bnmesk ) By

The latter map is equivariant for the action of the groups:

HywTy 0V @p1n—m) = H(Mo,00) X H(Th_lisn—m) = H(Mo,00) X Skan—m
and its subgroup:
Hvoy = Hivg o) X Sk
obtained from the embedding &, = Ng, (T)/Tk € Grin-m = Neyinm Thtn-m)/Thsn—m-
The map (QE%M’U))# is compatible to the action of these groups and induces a R-algebra morphism
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(QE%MyU)scs )

# for invariant subrings:

R[MO/M(())] ®R R[Tk+n—m/T]?+n—m] R[M()/Mg] Rr R[Tk/T]g]

J

R[MO/Mg]H(MOvUO) Rr R[Tk+n_m/T’S+n_m]6k+nfm - R[Mo/Mg]H(Moﬁo) QR R[Tk/T]?]G’“

Here R[Mo/MQH o000 — R[My/ M) 020 is an isomorphism induced by g — X, (720) Mg !
whereas R[Tjin—m/Tiy ) S — R[T;/T]k is Rallis’ map. O

Remark 4.4. In the non-banal setting, point (1) of Theorem already fails, as we discussed
in the introduction with the counterexample when ¢|(¢"™ — 1). The map

Og : QR(Gm) — QR(Gn)
(M7 p)scs — (M X Tn—mvpVXM QR XTn_m)scs

is still well-defined and presents a good candidate for a theta correspondence on the level of sets.
However, the scheme Qr(G,,) = Spec(3r(Gr)) is no longer reduced in the non-banal setting,
so a morphism of schemes is not uniquely determined by its values on points. The strategy of
Proposition will not work to prove the morphism 9}% = 92&[1 /p] ©z11/p] R from Proposition
is surjective, because even though a surjective ring morphism 3z(G,) — 3r(Gy,) realizing the
previous map on points might exist, it would no longer be the unique ring morphism realizing
this “good candidate” on points.

5. FINITENESS AND INDUCTIVE RELATIONS

5.1. Finiteness of Qﬁ. In Proposition we obtained the morphism of Z[1/pl|-algebras 9;5[1 o]
by considering the natural action of 371 /,)(Gn) on W), = indgﬁ (C°(Gm)®1). This moprhism
of Z[1/p]-algebras can also be interpreted, using [DHKMb., Sec 4], in terms of Harish-Chandra
morphisms:

Lemma 5.1. Let 0y, = C°(Gr) @ 1 € Repyyy (M, x Gi) as in Proposition . Then for
all z € Zz)1p)(Gn) we have:
awy,, = indfr (HC(2),,,)

where HC : 3701 /p(Gn) = 3z11/p)(Myy,) is the Harish-Chandra morphism.

Proof. We have W™ = ind% (C°(Gy,) ® 1) and we can apply [DHKME, Th 4.1]. O
Proposition 5.2. There exists a surjective map o, : 371 /5 (M) = 3z(1/p)(Gm) such that:
# —
HZ[I/p} = oy, o HC.

Proof. We identify o, and C°(G,,) in an obvious way, so HC(z),,, € Endg, xa,, (C°(Gn)).
Let p; and p, be respectively the left and the right action on the regular representation C°(G,,).
For 2 € 37(1/p(Gn), we have:

pr(ezﬁ[l/p](z)) = pl(ezﬁ[l/p}(z)v) € Endg,, xG,,(C(Gm)).-

We can take a,, to be the composition of eve,, : 371/, (My,) — Endg,,xa,, (C(Gm)), given
by the action of 371/, (My,) on o, With the isomorphism Endg,, xG,, (Ce(Gm)) = 371/ (Gm)
that is the inverse of z € 371 /y(Gm) = pi(2) € Endg,, xG,, (Ce(Gm)). Note that the morphism
vy, is surjective because 3z /p (M) =~ 3z0/p(Gm) @ 3z1/p)(Gn—m). So the map a,,, is
surjective and the equality of the proposition holds. O

By the surjectivity of the map «,,, and the compatibility with scalar extension of our map
Qﬁ, the finiteness property of Harish-Chandra morphisms [DHKMb| Th 4.3| implies:

Corollary 5.3. Let R be a noetherian Zg¢-algebra. Then Hﬁ : 3r(Gn) = 3r(Gr) is finite.
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5.2. Inductive relations. In Section [£.1] we have defined for fields R of banal characteristic
with respect to G,, and G,, some explicit maps between supercuspidal supports:

Qr(Gn) — Qr(Gr)
(M7 p)scs = (M X Tn—mvvaM ®R XTn_m)scs

and where the characters are explicit:

n—1
|_n—m (m—l—l—n)—&—%

xv =" and x7,_, =[] ®r- - Qpr|-| *

To keep track of m and n, let us call this map Og,m @ Qr(Gn) — Qr(GR). It is a simple
computation to check that these explicit maps give inductive relations such as:

ORnm = ORnk © OR Kk © OR km for m <k < n.
We prove that these relations also holds in families over the integral Bernstein centers:

Proposition 5.4. Let R be an arbitrary Z[1/p]-algebra. For m < k < n we have inductive
relations:
9#

Rn,m

_ g# # #

= eR,k,m © 0R,k;,k; ° HR,n,k'

Proof. The relation can be checked directly when R = C by the explicit description of ¢, ,, as
a morphism of varieties in the previous section. Moreover, the inclusion 37/ (Gr) <= 3c(Gr)
gives the relation over Z[1/p] and therefore over any Z[1/p]-algebra R by Proposition O

6. SURJECTIVITY OF 67

This section is devoted to the proof of the following.
Theorem 6.1. For any Z[1/p|-algebra R, the morphism Hﬁ : 3r(Gr) — 3r(Gn) is surjective.

First, we do several reduction steps. Since Gﬁh i 18 the duality isomorphism, Proposition
implies it is sufficient to prove the theorem for n = m + 1, so we will assume for the rest of this
section that n =m + 1.

Next, since 0]#; is the extension of scalars of Gzﬁ[l /o] to R, it suffices to prove surjectivity when

R = Z[1/p]. A Z[1/p]-module M is zero if and only if M ® W(F;) = 0 for all £ # p. Applying
it when M is the cokernel of our map, we get:

Coker(ﬁg[l/p}) = 0 if and only if Coker(G#V(E)) = 0 for all ¢ # p.

Thus it suffices to prove surjectivity when R = W (F,) for £ # p. To ease notation in this section,
we will abbreviate

#  _ p#
0 = 07

(Fe),n,m

if it is clear from the context.

Remark 6.2. A similar faithfully flat descent argument can be applied to obtain finiteness of
Harish-Chandra morphisms over arbitrary Z[1/pl|-algebras. Indeed by [DHKMD, Th 4.3| they are
finite for noetherian Zs-algebras, so we can deduce finiteness over arbitrary Z[1/pl|-algebras from
the compatibility of the center of the category with scalar extension proven in the appendix.
Therefore Corollary holds over arbitrary Z[1/p|-algebras. We keep it in the current form
as this improvement does not simplify later proofs and is a consequence of the surjectivity
statement.
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6.1. The case n = 2. In this case, there is a quick proof. For A in F'*, the scalar matrix
ty = (>‘ )\) in the group center Z(G2) defines an element, which we will denote z), of the
categorical center 32 (in fact 35) in a natural way. Given an object (7,V) € Repyy ) (G2), the
action zy|y of z) on V is by the endomorphism 7(ty).

Let p; denote the left-translation action of G; on C2°(G1). Let f be an element of the induced
module indgg(C’go(Gl) ® 1) i.e. f(tng) = pi(t1) - f(g) where t = diag(t1,t2) € T, n € Ny and
g € Go. We lllave, by the definition of parabolic induction,

(2x - )(g) = fgtr) = p(A) - f(g) , for g € Ga.
On the other hand, by Proposition [5.2] we have
(22 £)(9) = pr(0%1(20)) - F(9) . for g € G,
It follows that p, (0# 1(z2)) = pr(A71), where the equality takes place in the ring
EndW(E)[Glel](Cso(Gl)) = 3.
Fix a depth £ € N. By Section the induction functor preservers depth and ind%2 (C°(Gy)®1)

Pl
preserves depth in the sense that:

G G
9;%1(%2) =e!

for the central idempotents defining the respective depth-k subcategories. Therefore 9;% , can be
written coordinate by coordinate, according to the depth, as a direct product of ring morphisms
ekG2 39 — 6?131 for each k. It is enough to prove that each one of these maps is surjective. Note
that the reduction map F'* — F* /(1 + PI'?H) induces a surjection of W (IFy)-algebras:
k
W (EQ[FX] — W(FE)F™/(1+Pph] = P e 3.
i=0

As a result of the relation pr(éffl(z,\)) = p(A71) for all A € F*, the map ekG252 — ekGl,'Sl

induced by 0;% | is surjective. So 9;% | is surjective as well.

6.2. Definition of gamma factors. The main tool we use to prove surjectivity of Gﬁ ne1

n > 3 is the theory of gamma factors and converse theorems for A[G,]-modules, where A is a
Noetherian W (IFy)-algebra. We briefly recall and consolidate the relevant aspects of the theory
developed [Mos16a, MM22, [Hel16bl [HM18].

Fix a nontrivial character ¢ : F' — W (F;)*, and let ¢4 : F — A* be its scalar extenion
to A. We will also use 1 and 14, respectively, to denote the corresponding characters on N,
defined in the usual way. For a smooth A[G,]-module V' we define the N,,-coinvariants as
V(") = V/V(N,,¥a) where V(N,, ) is the A-submodule generated by the set {nv —1)4(n)v :
ne N, veV}

Definition 6.3. An A[G,]|-module V' is of Whittaker type if it is admissible, A|G)]-finitely
generated, and if V™ is free of rank one as an A-module.

for

Any A[G),] module V' of Whittaker type gives rise to a ring homomorphism fy : 3, — A
defined by sending z € 3,, to the element of A that gives the endomorphism z(™ of V(™ under
the canonical isomorphism

Enda (V™) = A.

Note that the map fy factors through the natural action 3,, — End4¢,, (V) — End A(V™) and
is obtained by composing with the canonical identification. In particular, when Schur’s lemma
holds i.e. End g, (V) = A, the map fy is canonically identified with the natural action of the
center 3, — End4q, (V).
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If V is of Whittaker type, by Frobenius reciprocity Hom4 (V" A) = Hom Al (V5 Indg’; Ya)
is a free module of rank one. We let W(V,14) denote the Whittaker space of V' with respect to
1 4: it is the image of the map

Hom g, (V, Ind§ 1h4) @ V — Ind§y ¥4
P v P(v)

In fact, W(V,1)4) is the image of any morphism ¢ that generates Homyq,(V, Indgz 14) as an
A-module. We treat elements W € W(V,14) as functions on G,, valued in A. If A denotes the
composite
AV VW o4
then for v € V, the associated Whittaker function ¢(v) = W, € W(V,14) is given by
Wy(g) = Mgv), for g € Gy,

The element v = diag(1, —1,...,(—1)""') € G, normalizes N,, and conjugates 1 to 1. We
can then define an A[G),]-module isomorphism Ind%ﬁ ha = Ind%: wgl by W — W' where

W'(g) = W (ug).

In particular, V(™ is isomorphic as an A-module to V/V (N, @Z)El).

If V is an A[Gy)-module we define “V to be the A[G,]-module with underlying A-module
V but with G,-action twisted by ¢ : ¢ — '¢~!. Let w, € G, be the matrix with 1’s along
the antidiagonal, we can define an A[G,]-module isomorphism L(Ind%: ha) = Indg’; ¥yt by
W — W, where .

W(g) = W(wy'g™").

If V is Whittaker type, it follows that *V is of Whittaker type with respect to the character
=1, and since (LV)(") is isomorphic to V(™ we conclude “V is Whittaker type with respect
to 9. In terms of Whittaker models, the map W +— W gives an A[G),]-module isomorphism
W(V,a) ZW(V,950). B

Let A and A’ be commutative finitely generated W (IFy)-algebras. We define the multiplicative
subset S of (A Sw () A")[X*!] consisting of the polynomials in X, X! with first and last
coefficient equal to 1. The functional equation defining gamma factors takes place in the ring

R=5"1 ((A S A')[Xﬂ])

Let m < m be positive integers, let V' be a Whittaker type A[G)]-module and let V' a
Whittaker type A'[Gp,]-module. Let 0 < j < n—m — 1, and let M,; denote the set of
a X b-matrices with coefficients in F'. For W € W(V,14) and W' € W(V", w;,l) we define

(X, W, W' 5) = a(W, W' j)X!
leZ
where

g
(W, W / /N G v 1 @Wlg) dg .
]m n— 1\ In—m—j

and Gg)_l denotes the subset of G,,—1 consisting of matrices g such that vp(det g) = 1. We write
I(X, W, W) =I1(X,W,W’0).

Let wy, = diag(l;,w,). By [Mosl6al, Th 3.2|, the formal series I(X, W, W’) in fact defines an
element of R, so the formal series I(gq “1X- w,, — mW W’ n —m — 1) also defines an element
of R.

Theorem 6.4 ([MM22| Cor 3.10). There is a unique element v(X,V x V' 1) of R* such that
for dll W e W(V,44), all W' € W(V', 431,

I "X Wi W, Whin —m — 1) = wyr (=L 1)" 27 (X, V x V) (X, W, W),
where wy is the central character of W(V', 1 ar).
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Remark 6.5. For a single case below, we will need the gamma factor when V is an A[G4]-
module and V' is an A’[G1]-module (both Whittaker type), in which case V and V' are simply
characters of F* with values in A* and (A’)*, respectively. Here, the notions of Whittaker
type and co-Whittaker are equivalent. In this case we define v(X,V x V' 1) to be the unique
Godement—Jacquet gamma factor v(X,V ® V' 1) € R* satisfying the functional equation in
[Mos16b, Th 1.2], where V @ V' denotes the diagonal tensor product (4 @ A’)[G1]-module.

Corollary 6.6. In the ring R, we have
VX,V x V)t =n(qg T XLV < V.
Proof. The proof given in [Mosl16al Corollary 5.6] works in this level of generality. U

The gamma factor is compatible with extension of scalars in the sense of [MM22, Cor 3.11],
as we now explain. If f: A — B and f’' : A’ — B’ are ring homomorphisms, and we let
f ® f’ denote the homomorphism R — R’ obtained by applying f and f’ to the coefficients of
polynomials, we have

(3) (fef) (WX, V x V' ) = (X, (V@asB) x (V' @ap B), ).

Let a be an element of A% and let y, : g — a"#(de69) he the corresponding unramified

character on GG,,. Unramified twisting shifts the variable X in the gamma factor in the classical
way:

Lemma 6.7. Given a € A* and o' € (A')*,
(X, XaV X XV, 0) =7((a® ) X,V X V', 1) .

Proof. Let 7 : Gy, — Aut(V) denote the homomorphism by which G,, acts on V. A Whittaker
function W is in W(xaV,v4) if and only if W(g) = x.(9)Wo(g) for Wy in W(V,14). To see
this, note that if v is in xV then its Whittaker function W, (g) is given by

Wi(g9) = M(xm)(9)v) = AMx(9)7(9)v) = x(9)A(7(g9)v) = x(9)Wo,u(9),

where Wy ,, is the Whittaker function associated to v in the space W(V,14). It follows from the
definition that I(X, W,, W) = I((a ® 1) X, Wy, W), and the analogous property is true for V'
and xo/V’. The lemma now follows from the uniqueness in Theorem U

Finally, we record a basic fact that we will use in the last subsection.

Lemma 6.8 ([HMIS| Corollary 4.2). Let B and B’ be Noetherian W (F;)-algebras, such that B’
is contained in B and B is finitely generated as a B'-module. Let S’ be the subset of B'[X, X 1]
consisting of polynomials with first and last coefficient equal to 1. Then (S")~Y(B'[X, X 1)) is
the intersection of the subrings B'[[X]][X 1] and S~*(B[X, X)) in B[[X]][X Y]

6.3. Co-Whittaker modules, the universal gamma factor, and a descent theorem. We
define

T, = ind§ ¥
and consider it as a Z,[G,]-module via the natural action of Z,. In this context, we will need
the following

Theorem 6.9 (|[Hell6b]). The 3,[Gn]-module Ty, is admissible over 3, F%”) is free of rank one
over 3, and every nonzero quotient Q of ', has Q™ # 0.

This inspired the following definition in [Hell6b], where A is a Noetherian W (Fy)-algebra:

Definition 6.10. An A[G)]-module V is co- Whittaker if it is admissible over A, if V™) s free
of rank one over A and if every nonzero quotient Q of V satisfies Q™ # 0.

It is proved in [Hell6bl Proposition 6.2] that co-Whittaker modules satisfy Schur’s lemma.
The property of being co-Whittaker is preserved under the operations of scalar extension and
taking quotients. In fact I',, is the universal co-Whittaker module in this sense:
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Theorem 6.11 (|[Hell6b] Theorem 6.3). If V is a co-Whittaker A[Gy]-module, then V is a
quotient of I'y, ®3, 1, A.

On one hand, note that a co-Whittaker A[G,]-module V is cyclic: any preimage of a generator
of V(™ under the surjection V — V(™ provides a generator for V. In particular it is Whittaker

type.
On the other hand, for every Whittaker type A[G,] module V' we can construct a canonical
submodule:

Voi=ker [V = 11 V/U
{(UCv : Um=v(m)}

Lemma 6.12. The submodule Vy is co- Whittaker and Vo(n) =y,

Proof. To see that Vo(n) = V() we consider the restriction of V and its submodules to the
mirabolic subgroup P, of GG, consisting of matrices with bottom row having the form
(0,...,0,1).
In the category of A[P,]-modules there is a natural injection of functors
ind {7 (¥_ym) — id,

whose image is the so-called Schwartz functions, and denoted S (to see this, use transitivity of
parabolic induction to write, in the traditional Bernstein—Zelevinsky notation,

indy? (Yym) = (@)t (V)

and apply the exact sequence in, [BZ76l, Prop 5.12 (d)], c.f. [EH14, Prop 3.1.3]). Each submodule
U appearing in the definition of Vj satisfies S(V) = S(U) C U, hence S(V) C V. On the other

hand, the composition

()
(md%: wv(n>) XSV 5y

is an isomorphism ([EHI14, Prop 3.1.3 and 3.1.5]), so the inclusions
SV)cwcv
induce isomorphisms S(V)™ = (V)™ = V™),
Now if Q = Vp/U’ is a quotient of Vg with Q™ = 0 then (U")™ = (V5)™ = V(™ 50 Vj is in
the kernel of the map V — V/U’ and Q = 0. O

From the proof of Lemma [6.12| we find that an equivalent construction of V) is given by taking
the A[G),] submodule of V' generated by the A[P,]-submodule S(V') of Schwartz functions.
Note also that fy = fy,.

Lemma 6.13. We have the following equality: v(X,V x V', ¢) = v(X, Vo x V).

Proof. Since W(Vy,1¥4) € W(V, 1 4), the two gamma factors satisfy the same functional equation
for all W in W(Vp,¥4), so the equality follows from the uniqueness in Theorem [6.4] O

Proposition 6.14. Let V be a Whittaker type A[Gy,]-module, let V' be a Whittaker type A'[G,]-
module. Then

’Y(X7V X vlaw) = (fV ® fV’) (,Y(Xa 'y x Pm7w))
where we have used fy ® fy to also denote the map on Laurent series defined by applying fy & fy
to the coefficients.

Proof. By [Mos16a] Corollary 5.5, it is true when V and V' are co-Whittaker. When they are
Whittaker type, it is true for their co-Whittaker submodules Vj and V{j, which share the same
gamma factor by Lemma [6.13 O

We will make use of the following theorem, which states that the coefficients of the gamma
factor provide descent data for Whittaker type representations.



TOWARDS A THETA CORRESPONDENCE IN FAMILIES FOR TYPE II DUAL PAIRS 23

Theorem 6.15. Let A and A" be Noetherian W (Fy)-algebras and asssume A is finitely generated
as an A'-module. Let m > 2 be an integer and let V' be a Whittaker type A|G,]-module such
that for all primitive idempotents €' of 3,_1 the coefficients of y(V x €Tp_1, X 1,9) and
YV x €Tp1, X,07 1) lie in A’ ® €'3,,_1. Then the homomorphism fy : 3, — A factors
through A’.

Proof. This is precisely Theorem 5.1 in [HMI8§| except with the hypothesis “V' is co-Whittaker”
relaxed to “V is Whittaker type.” To prove it, use Lemma to replace V with its co-Whittaker
submodule Vj, then apply Theorem 5.1 in [HMI8| to Vj, and recall that fi = fy;. O

Remark 6.16. We would like to apply this theorem in the case when A = 3,,, is the Bernstein
center, but 3,, is only locally Noetherian. However, its connected components are Noetherian
and we can always pass to a finite collection of such components by replacing 3,, by e3,, for an
appropriate idempotent element. To simplify notation in what follows, we will omit this choice
of idempotent from the discussion.

6.4. Multiplicativity of the gamma factor. In this subsection we prove a special case of the
multiplicativity property for gamma factors in families, which we will use below. It is more con-
venient to work with normalized parabolic induction, so we will choose a square root of ¢ in an al-

gebraic closure of Frac(W (F,)) and define W (Fy)[,/q]. Since the extension W (F¢) — W (F,)[,/q]

is faithfully flat (in fact, trivial unless £ = 2), the surjectivity of va implies the surjectivity

(Fo)lval

of 6’#‘/ ) For the sake of keeping straightforward notation, we will work with W (F,) below, with

the understanding that when ¢ = 2, the ring W (IF;) can be replaced with W (Fy)[,/q] without
affecting the argument. Let 6p = dpr»  denote the modulus character of the parabolic subgroup

P! . The normalized parabolic induction functor igﬁq on Repy Vi ] (M) is defined by first

twisting by 6]13/ % and then inducing. When m = 1 we have the following

Proposition 6.17. Let n > 3 and m < n — 2. Let Vi be a Whittaker type A1[Gpn—_1]-module,
let Vo be a Whittaker type As[G1]-module, and let V' be a Whittaker type A'[Gy,]-module. Then

ig}}_l(‘ﬁ ® Va) is a Whittaker type (A1 @y, ;) A2)[Gn]-module and

7 (X% (Vi@ V) x V1) = 9(X, Vi x V!, )9(X, Ve x V),

where the multiplication takes place in the ring S~ (D[X, X 1)) with D = A; ® A, @ A’ (c.f.
Remark when n = 3, m = 1). The same equality holds with the lower parabolic Qp_; in
place of P,

Proof. Since V; is a Whittaker type A1[G,,—1]-module, and parabolic induction preserves admis-

sibility and finite generation, we need only show (ind%ﬁ ) e VQ))W is free of rank one over
A ® AQ;

Over Zy, there is a so-called Leibniz rule for the Bernstein—Zelevinsky functors ([Vig96),
I11.1.10]). The proof given in [Vig96, I11.1.10] follows the original proof of Bernstein—Zelevinsky
in [BZ7T, p.470-471|, which boils down to the geometric lemma for normalized parabolic in-
duction; it works equally well with W (F,) (or W (F,) [\/q] if necessary) in place of C or Zy. In
our setting it simplifies to the following statement: if 71 is a W(F)[G,—1]-module and 75 is a

— (n) = n— n—
W (F7)[G1]-module, (iﬁzﬁl(m ® m)) is the W (Fp)-module 7"V @l Since V"™ = 4,
and VQ(I) >~ Ay, we conclude igﬁ_l (V1® Vz)(") >~ A ® As.

A priori, the above isomorphisms are only morphisms of W ([F;)-modules, however, for any
W (F,)-algebra B, the map g factors through the structure morphism N,, — W (F;)* — B*.
Therefore for any B[N,]-module V', the submodule module V (N, ) equals V(N,,¥p), and it
follows that the above isomorphisms are morphisms in the categories of A;, As, and A1 ® As-
modules, respectively.
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By Proposition [6.14] above, it suffices to prove the multiplicativity property with Ay = 3,1,
Vi=Tp1,A2=31,Va=T1, A =3, and V' =T),.

Let K denote the fraction field of W (F;) and choose an isomorphism K = C. All represen-
tations are presumed smooth, so this isomorphism identifies Repx(Gr) with Repe(Gr), which
allows us to invoke results in [JPSS83]. If Q'_; denotes the lower standard parabolic subgroup
with Levi subgroup M;’_;, and we let 71 be in Rep(Gp—1) and w3 be in Rep(G1), with both
71 and 72 of Whittaker type, it is proven in [JPSS83, Th 3.1 that

0 (X, igg_l(m ® ) X T, w> = (X, m X 7, )y(X, T2 X T, 1),
where 7 € Repg(Gy,) is Whittaker type.
Note the following isomorphisms:
(i (mem) =i (o)
o igg_l(%ﬁ ® ‘m9).

Therefore, we can use Corollary [6.6], to deduce the multiplicativity property for the upper par-
abolic:

v (X, ig}},l(”l ® ) X T, w) = (le—l7 L (igﬁl(m & 7r2)> X Lq—,wfl)—l
¢ XTLiGE (m@tm) x )T

(
(
(q_lX_17L7r1 X LT’ 'l)b_l)_]'")/(X, L7T2 X LT? ’l/}_l)_l
(

For a point = € Spec(D), let f, : D — k() denote the corresponding ring homomorphism to
the residue field x(z). If V is a D-module, let V,. denote the extension of scalars V ®@p r, k(x).
The ring D = 3,1 Qw (7, 2 Ow (@) 3p—2 is reduced and f-torsion free, ([Mosl6al Lemma

5.1]). We will identify Spec(D)(K) = Spec(3,-1)(K) x Spec(31)(K) x Spec(3.,)(K), and for

z = (1, 72,2") € Spec(3n-1)(K) x Spec(31)(K) x Spec(3m)(K), we decompose

fac:fm ®fx2 ®f/-
Equation above and [JPSS83, Th 3.1] give the following equalities:

(for @ for @ for) (7 (X, (i@ Va) x V)

=7 <X7 iJG—;nal (Vi ® Voz,) X Vag’vw)

=7 (Xa Vl,ml X Vé’7¢) Y (Xa Vé,xg X ‘/z//?rl[))

= (far ® fan ® fuor) (v (X, VA x V', 00) 7 (X, Vo x V', 00))
Now consider the difference of gamma factors:

7 (X (@ Ve) x V/w) =y (X, Vi x V!, ) 5 (X, Ve x V/,45)

Each of its coefficients is in the kernel of the homomorphism f; for every x in Spec(D)(K). Since
D is reduced and ¢-torsion free, Spec(D)(K) is a Zariski dense subset of Spec(D), and

ﬂ ker(fz) = 0.
x€Spec(D)(K)
Thus the difference of gamma factors is zero. (|
Remark 6.18. Note we have only proved multiplicativity for parabolic induction from the Levi
M ;. While a proof of the general case P}’ instead of P’ ; might be within reach for 1 <k < n,

the Leibniz rule for derivatives becomes more complicated. Since Proposition [6.17]is enough for
our needs below, we will not pursue this further.
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6.5. Proof of surjectivity. Recall the notation fy : 3, — A for the action of 3, on V(™
where V' is a Whittaker-type A[G,,|-module.

The action of 3,,—1 on I';,_1 gives I';,_; the structure of a Whittaker type 3,,—1[Gp—1]-module
(Theorem. In this context, the corresponding homomorphism fr, | : 3,1 — 3,1 is simply
the identity map. Let 1 denote the trivial character of Gy over W (Fy). Since 10 = W (F,), we
have a natural ring homomorphism f; : 31 — W (F,).

The parabolically induced representation indgnﬁ ) (T'y—1 ®1) realizes the theta correspondence

in the following sense. On one hand, it has an action of 3,1 via the composite
~ . Gn

On the other hand, indIGDZ 1(Fn—1 ® 1) has an action of G,,, which gives it the structure of a

smooth 3,,_1[Gy|-module. By Proposition it is Whittaker type as a 3,,—1[Gp]-module so
we can consider the natural homomorphism

findgﬁ (Th_1®1) : Bn — 3n—1-
1

#

By the following lemma, f, o, is precisely 67 .
Pn b

1 (Fn—1®1)

Lemma 6.19. The natural 3,, action

35 = Endyy () (indgﬁil(l“nfl ®1))
factors through 0#7”_1 230 — 3n—1.

Proof. Recall that HC : 3,, — BW(E)(MS_I) denotes the Harish-Chandra morphism defined by
the equation

Znd%y (V) = indgﬁil(HC(z)V), V € Repy g, (M]_1), z € 3p,
n—1
and Proposition states that Hf’n_l = oo HC where o« : BW@)(M,’{_l) — 3,_1 comes from
the 3,_1[Gp—1]-linear action of SW(E)(MH )on I'y_1. O

n—1

Our strategy is to use the multiplicativity property to compute the gamma factor
v (X, indGs (Dny 1) x Ta, )
to that of fr, ;.

and apply Theorem [6.19] to relate the image of f, ,cn (r
PR "

—1®1)
To translate between normalized and non-normalized parabolic induction, observe that

i i - ' _ (1)
lnd]GD§71 (anl ® ].) = 1163’571 (5]31/2(]:‘7171 ® 1)) _ 1]GD§71 (|det| 1/21-\”71 ® ’ . | y ) ’

so Proposition [6.17 and Lemma [6.7] give the following decompositions of gamma factors:

(n=1)
2

Y <X7 indgﬁ_l(FN—l & 1) X Fn—27 1/’) =7 <q1/2X7 Pn—l X Fn—27 w) Y (qi X7 1x Fn—?a w)
(n—1)

7 (X4 (dZ (Camt ©1)) X ooz, 0) = (672X, Tnot X Tz, 0) 7 (6777 X, 1% Tz, )

Let § denote the image of lig By Corollary 3,1 is finitely generated as a module

n,n—1-
over S so we can apply Lemma in what follows.
By Proposition the coefficients of

" <X, indSs (Dpoy 1) x Dy, 1/1) and (X, ind%: (o @ 1) x e, w)

are elements of S ® 3,—2. Applying Corollary [6.6] we find that the coefficients of

~ <X, indS (Tat ©1) % ‘Tooa, ¢) — ( X <indgzil (o1 ® 1)) % Ty, 1/})
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are also elements of & ® 3,,_2 (we have used Lemma here with B = S® 3,,_2 and B =
351 ®3,_2). Since S is a W ([F;)-algebra, and the coefficients of v (q_(ngl) X, 1xT,_o, w> are
in W(Fy) ® 3,2, it follows that the coefficients of

gl (ql/QX, Ppo1 X Tpog, ¢) and v (ql/QX’ oo F”*Wﬁ)

must lie in the subring S ® 3,,_2 of 3,1 ® 3,_2. Shifting the variable X by q_1/2, we find the
coefficients of

Y (X, Fn—l X Pn_g,l/)) and Y (X, Tn_l X Pn_g,w)

also lie in & ® 3,—2. Now we invoke Theorem with m = n — 1 to conclude the identity
homomorphism fr, | : 3,—1 — 3n—1 factors through the inclusion & C 3,_;. Therefore S =

371—1-

7. INTERPRETATION IN TERMS OF GALOIS PARAMETERS: AN ALTERNATIVE PROOF OF
SURJECTIVITY IN DEPTH ZERO

In this section we prove the claims made in Subsection regarding the explicit description
of the map *0, : X¢, J G, — X /| G, and its being a closed immersion in the case e = 0.
When e = 0 we have given the description of “6, in Subsection When e > 0, X¢ is the

closed subscheme of @ffl representing tuples (F,o1,...,0%), subject to the relations defining
the finitely presented subgroup (Fr,si,...,s;) € Wg/Pp, where s1,..., 5, are any choice of
topological generators of its normal subgroup Ir/Pg. The map L9, is defined analogously to
L9y with o1, ..., 04 replacing o, as we now show.

Proposition 7.1. With notation as in Subsection the map 0. is the morphism on GIT
quotients induced by the morphism X m 2l 1] ZZ[\/a—l] sending (F,o01,...,01) to

t -1 — —

q 2 Im ' ) tUl 1 t o 1
n—

m+1l—n+=5= 1 1

q—“g” . 1 | 1

Proof. The stated morphism X, — X factors as the composite of:
(i) The morphism

Hom(Wp/ Pf, Gin)yy 1) = Hom(W/Pf, Gr)yy -1,

induced by

(42

Hom(Wp/ Pf, Ghn)y g1 — Hom(Wp/Pg, Gn)

(ii) The action

N
of the unramified twisting given by sending F’ € @n to

q 2 Im
—m—l—l—n—&—"T_l

(n=1)
q 2
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Since the schemes X¢ // G, are known to be reduced and the C-points are dense ([DHKMal), it
suffices to prove that our proposed morphism coincides with “6, on C-points. Since the theta
correspondence induces the map on Weil-Deligne parameters ¢ — ¢, where

N n—m (n—1)

n—1
p=¢" vz Qv T g oy T

it suffices to check that ¢ — ¢V is induced on Weil-Deligne parameters by pushing forward along
the group automorphism GL,, — GL,, sending g to 'g~!'. But the local Langlands correspondence
is known to be compatible with automorphisms (c.f. [Hail4, Prop 5.2.5]), and for an irreducible
complex representation 7 of Gy, the representation g — 7(*¢g~!) is known to be isomorphic to

the contragredient 7¥. It follows that ¢ is conjugate to w + té(w)~!. (]

The fact that 6, is a closed immersion has already been established as a consequence of
the local Langlands correspondence in families together with our result that 6. defines a closed
immersion. As noted in Subsection [1.3] it is natural to ask for a direct proof using geometry.
We now provide such a proof in the depth zero case.

Proposition 7.2. For all commutative Z[1/p|-algebra R, for all A € R* and all A € Gp_m(R),
the closed immersion:

- A L tr—1 t —1 - -
(f,cr)eGm,RxGm,RH([”mof H,[(’O ! ])eGn,RxGn,R

induces a closed immersion (@m,R X @m,R) / @m,R — (an,R X @n,R) / @n,R on GIT quotients.

Proof. First of all, transpose-inverse surely induces an isomorphism of schemes, and so does
multiplication by A € R*, so it is enough to prove that the closed immersion:

M,, 0] [Nm 0

f:(Mm,Nm) EéquXém,RH <|: 0 A 0 I :|) Eén,R X@n,R

induces a closed immersion between GIT quotients.

Write R[(m; ;)] ®r R[(ni,;)] for the coordinate ring of @n,R X an,R and let M and N be the two
universal matrices with coefficients (m; ;) and (n; ;) respectively. For a a word in two letters,
i.e. an element of the free monoid with two generators, there is a corresponding (M N)® in the
matrices M and N. The coefficients of these matrices belong to R[(m; ;)] ®r R[(n; ;)]. Note that
(én,R X @n,R) / @n,R = Spec(O[@n,R X én,R]G"’R) for simultaneous conjugation has coordinate
ring generated by the coefficients of the characteristic polynomials x(X) = det(X 1, — (M N)?*)
where a runs over all words in two letters. This result is true when R = Z by the work of Donkin
[Don92| (see alternatively |[Jan03, App B, Lem B.9|) and one can deduce it for any Z-algebra
using |Jan03, Part I, Prop 4.18|. In particular this holds over arbitrary Z[1/p]-algebras.

The k-th coefficient of y, is denoted ci((MN)®). For a word « as above, we define a; to
be the number of occurrences of the first generator in a. We obtain an interesting relation by
applying f# to these coefficients:

FHAet(X L — (MN)Y) = Y f#(er(MN)*)) X"
k=0

= det(X I — (MyNp)®)det (X Iy — A1)

— (Tinck(ml)x’f) <§: ck((MmNm)a)Xk>.

k=0
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Note that the highest coefficient of the characteristic polynomials is always 1, the following one
is minus the trace and the last one is the determinant up to a sign, so we can rewrite this system:

_ 1 0 -
Cn_m_l(Aal) 1 i 1 i
Cn—m—2(A")  cpom—1(A*") - 1 1 fz(cn—l((MN)a)))

: : ' Cont (M Ni)?) P en-2lUN)))
co(A™) ¢y (A) 1 CmfZ((]W‘mNm) ) _
co(A™) cﬂ(%mgm)z) :
R T
1 (A1) L [ (eo((MN)Y)) |
I co(A™)

In particular, this system is invertible because the left-hand side matrix has rank m. This
result in the map f# being surjective as all coefficients cy((M,, N;n)®) of the characteristic
polynomial det(X I,,, — (M, N,,,)*) belong to the image of f# and these coefficients generate the

ring O[@m,R X @m,R

]am’R. Therefore f induces a closed immersion between GIT quotients. [J

In order to pullback the closed immersion to the space of parameters, we rely on the following
Lemma, which is a consequence of the difficult Theorem VIII.0.2 in [ES21].

Lemma 7.3. For all Z-algebra R with £ # p, the closed immersion X,gR — @kﬁ X @k,R mduces
a closed immersion X,(CJ’R /@k,R — (@k,R X @kﬂ) / @kﬁ.

Proof. By |[ES21, Th VIIIL.0.2], the ring of invariants O[XQ’ZZ]G"ZE is compatible with arbitrary
scalar extension. Note that in our situation, their colimit can be taken over maps Fo — W
because W = (Frob, s) discretises the tame quotient Wr/Pp. In particular, if we consider
the map ¢ : Fo = (f1, fo) — W = (Frob,s) sending f; to Frob and f2 to s, all possible
maps ¢ : Fy — W factors through the latter in the sense that there exists ¢ : Fb — F
such that ¢ o4 = ¢'. As a result the colimit must be a quotient of the ring of invariants of

O[ak,R X (A?;@R]Gkﬂ that is associated to the map ¢. O

We deduce from the proposition and the lemma:

Theorem 7.4. The map 0 : X° ) Gy — X0 )/ Gy is a closed immersion.

Proof. We have to prove that the corresponding map 6% : (’)[Xg}é" — O[X%]ém is surjective.
Because Z, is flat over Z[1/p], the natural map O[X?]% ®z(1/p Le — O[X%ZZ]G"“ZZ is an
injection. Actually the latter map is an isomorphism because in the commutative diagram:

O[Gm x Gin]%™ @g1 /) Ze — O[XIC @1 ) L

T

Gn
O[Xg,zg] e
we have O[G, x @m]@m ®z1/p) Le = O[am,Ze X @mze]@m,zg and the map to (’)[X%’Zé]é"’zé is
the surjective map from the lemma. Hence O[Xg]@" ®z1/p) Le = O[XS’ZZ]G"’ZZ.

Now the cokernel of #% is a Z[1/p]-module and the base change of 6 to Z, fits into a commu-
tative diagram where all maps are known to be closed immersion thanks to the proposition and
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the lemma:

bz,

X??’L,Zg // Gm:ZZ X27ZZ // GTL,Zg

| |

(ém,Z[ X ém,Zg) // ém,Zg — (@n,Zg X én,Zg) // én,Zz

Therefore 67, is a closed immersion. This implies that the cokernel of 6% must be trivial,
otherwise there would exist an ¢ such that, by flatness, this cokernel does not vanish after base
change to Zy i.e. 67, is not a closed immersion. So 6 is a closed immersion. U

8. APPLICATIONS TO THE MODULAR THETA CORRESPONDENCE

We draw some conclusions from the previous sections for a modular theta correspondence. In
this section R is an algebraically closed field of characteristic ¢ (see [Tri20] for considerations in
the situation of non-algebraically closed fields). To give statements involving the theta corre-
spondence in a more symmetric way, we will use unordered indices k and &’ below, as opposed
to n and m, which always satisfy m < n by assumption. We set w = wy, 3.

8.1. Finiteness of ©. Let 7 € Irrg(Gy) be irreducible. The largest m-isotypic quotient w;, of
the Weil representation has a canonical decomposition w; = 1®rO(7) where O(7) € Repr(Gy/).
Similarly one can decompose the largest 7’-isotypic quotient for 7’ € Irrg(Gy/), thus defining
O(n') € Repr(Gy). To speak of the cosocle O(m) of ©(w), we must prove ©(m) is finite length.
This will follow from a more general finiteness result in terms of characters of the Bernstein
center. When 7 : 3r(Gr) — R is a character of the Bernstein center, we denote by I, =
(z—n(z) | z € 3r(Gy)) its kernel.

Definition 8.1. Set win] = Iyw. The largest n-isotypic quotient of w is:
oy = w/wli] € Rep(Gi X Giy).

Equivalently, w, = w ®3,(q,),, - Note that w; contains more information than wy. Indeed, for
m € Irrg(Gyg), if we denote by nr : 3r(Gk) — R the character induced by Schur’s lemma, we
have:
Wy —» W
Ne="n

This direct sum is finite. Although we will not use this finiteness in what follows we explain it
now for the sake of completeness. By the level decomposition [Dat05, App A.2|, one can define
the depth r associated to 1 in an obvious way i.e. n(e,) # 0 for e, the central idempotent of the
depth r direct factor category. Moreover the depth r subcategory of Repr(Gy) is equivalent,
for a compact open K that is small enough, to a direct factor of the category of modules over
H (G, K) via the functor of K-invariants V +— VX. In particular e,3r(G}%) becomes a direct
factor of the center of Hr(Gg, K), and because Hecke algebras are finite over their centers
[DHKMDb], the algebra A = Hg(Gr, K) ®,3,(c) I has finite dimension over R. Therefore
there is a finite number of simple A-modules up to isomorphism, and by equivalence of categories,
they are in bijection with the m above so the direct sum is finite.

The fact that ©(m) is finite length is an immediate consequence of the above factorization
and the following proposition:

Proposition 8.2. For all n: 3r(Gk) = R, the (Gi, x Gy )-representation wy, is finite length.

Before proving the proposition, we introduce a key lemma, which makes the proposition a
simple consequence of the properties of 9}% and the fact that, over a field, admissible and finite
type implies finite length ([Vig96l I1.5.10]). In what follows we use the word locally to mean
“after keeping a finite number of terms in the depth decomposition.”

Lemma 8.3. The Weil representation w € Repr(Gy x Gyr) is locally finitely generated and
admissible over 3r(Gr) @r 3r(Gr).
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Proof. Given the rank-filtration of w in Proposition — it holds whether or not k¥ > k' — it
is enough to prove the result for all subquotients:

GGy
P;’iiQﬁ/(Cfo(Gi) ®r1)

w® = ind
of the filtration.

First of all, induction preserves finite type [DHKMD, Cor 1.5] and the depth [Vig96, 11.5.12]
so it is enough to show that C°(G;) € Repr(G; x G;) is finite type after bounding the depth.
We will consider Cg°(G;) as the bi-module Hr(G;) over the Hecke algebra Hr(G;). Let K; =
1+ w};ﬂMi(OF) where Op is the ring of integers of F' and wp a unformizer. Let ek, be the
idempotent in the Hecke algebra Hpg(G;) associated to Kj. It exists because K is a pro-p-
group, i.e., has invertible pro-order. The depth r subcategory of Repr(G;) can be embedded in
the category of modules over the relative Hecke algebra Hpr(G;, K;) for j big enough, indeed:
the progenerator P(r) of this direct factor category as defined in [Dat09, App A.2] is finitely
generated, hence it is generated by its Kj-fixed vectors for K; small enough. If we denote e,
the central idempotent giving the depth r subcategory and if V' € Repp(G;) has depth r, then
Vi ek;(e;V) is an equivalence of category on a direct factor category of Hg(G}, K;)-modules.

Note that e, Hr(G;) = Hr(G;)e, because e, is a central, so this means that the depth r part
of Hr(G;) agrees for both the left and right action of G;. As a result, there exists a common
J for which the depth r part is identified with ek e, Hr(G;)ek; in the category of bi-modules
over Hr(G;, K;). But Hg(Gi, Kj) is cyclic over Hr(G, Kj), both as a left or right module, so
the direct factor eK; er’HR(Gi)eKj is a fortiori cyclic as a bi-module. Therefore w® is locally
finitely generated as a (Gj X Gys)-representation with coefficients in R.

Next, as parabolic induction preserves admissibiliy [Vig96, I1.2.1|, the finiteness of Harish-
Chandra morphisms [DHKMb], Th 4.3] implies that w(® is admissible over 35(G) ®@r 3r(G)
if C°(G;) is admissible over 3r(G;) ®r 3r(G;) — but this is exactly [DHKMDb| Th 1.1 i.e. the

finiteness of relative Hecke algebras over their center. O

Proof of the proposition. If k < k', the morphism 0 : 3r(Gy) = 3r(Gy) controls the action of
3r(Gyr) on the Weil representation by Propositon Therefore 3r(Gy) acts as o Qﬁ on wy.
As wy, is finite type, and admissible over R by Lemma it is finite length.

If £ > k', the morphism Gﬁ : 3r(Gr) — 3r(Gy) controls the action of 3g(G}) on the Weil
representation by Propositon In particular w, = 0 if ker(@ﬁ) ¢ I, by maximality of I,,.
When the inclusion holds, our surjectivity statement from Theorem [6.1] ensures that the action
of 3r(Gy) on w, must factor through the unique character n’ such that n = 7' o 9}? Again wy,
is finite type, and admissible over R by Lemma[8:3] so it is finite length. O

Remark 8.4. We could have carried out the proof of the proposition without relying on the
surjectivity statement of Theorem [6.1] using only the finiteness statement from Corollary
With this strategy, the unicity of  in the case k > £’ is not ensured, but the action of 35(Gy)
always factors through a quotient 3z(Gy/)/I’ that is an Artinian R-algebra, and admissibility
over R follows. In particular I’ is contained in a finite number of maximal ideals corresponding
to the finitely many characters n’ such that n =17 o Oﬁ.

8.2. Theta correspondence between characters of the center. Analyzing the proof of the
proposition, we can derive a theta correspondence over R between characters of the center. We
come back to our original notation with m < n.

Lemma 8.5. We define Or on characters of 3r(Gp) by n+— 0r(n) :=no 9}?
a) For alln : 3r(Gm) = R, we have (wpm)y # 0.
b) We have (wnm)y = (Wnm)og(y) for alln: 3r(Gn) — R.
c) The set {n': 3r(Gn) = R | (Wnm)y # 0} is the image of Og.

Proof. a) By the work of Minguez [Min06|, we know that (wy m)x 7 0 for all 7 € Irrg(Gjy,). As
all characters 1 can be realized as some 7, ([Hell6bl Cor 2.3]), the result follows.
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b) By the surjectivity statement of Theorem Hﬁ(IQR(n)) = I,,. So by definition of Gﬁ we
obtain wy, m[0r(1)] = wnm[n]-

c) Because of the surjectivity statement, if (wy m)y 7# 0, then 3r(Gy,) acts a character as well
and this character 7 is the unique one such that 6z (n) = 7. O

We call the map 0g just defined the theta correspondence between supercuspidal supports.
It realizes a bijetion between characters of the center according to the lemma.

Definition 8.6. Going back to the symmetric notation with k, k', we denote Or this bijection
in both ways:

0
{n:3r(Gr) = R | wy # 0} = {if : 3r(Gw) = R | wy #0}.
When indexes n > m are ordered, this map is:
Qr(Gn) — Qr(Gp)
(M, p)scs = (M X TnfmavaM QR XTn_m)scs '
Going the other way is simply taking the inverse of this map on its image.
This formulation in terms of characters of the Bernstein center has implications for ©(x) as

we can keep track of the action of the center of the category. Lemma [8.5/implies the constituents
of ©(7) are strongly uniform in the following sense:

Corollary 8.7. Let m € Irrg(Gg) and assume ©(w) # 0. Then 3r(Gy) acts on O(m) via the
character Or(ng). In particular all constituents of ©(w) have same supercuspidal support.

Proof. The first part is an immediate consequence of Lemma [8.5] The second part follows from
[Hell6al, Cor 12.12]. O

APPENDIX A. GEOMETRIC LEMMA

Let G be a connected reductive group over F'. We quickly explain why the geometric lemma
still holds in the context of smooth representations with coefficients in R. Suppose we have fixed
a minimal parabolic of G, say Py, with Levi decomposition Py = MyNg. A parabolic subgroup
P of G is said to be standard if it contains Py. All such parabolics subgroups P come along
with a standard Levi decomposition M N where M is the unique Levi in P containing My. Let
P’ = M'N’ be an other standard parabolic. For (o,V) € Repr(M), we are going to give a
filtration of the restriction-induction v} 0i§; (o) € Repg(M’). This filtration is famously known
as the geometric lemma. In order to define it, we need to introduce the following subset of the
Weyl group W of G:

WMM — fyy e W | w(M N Py) C Py and w™ (M’ N Py) C Py}
By [Vig96, I1.1.2], this set W-M" also is a set of representatives for the double cosets Wy \W/Way.

A.1. Non-normalised geometric lemma. As we are not using normalised parabolic induc-
tion, because we are not assuming the existence of a square root of ¢ in R, we recall the version
of the geometric lemma we use:

Proposition A.1. There exists a filtration of t¥ 0iG(c) € Repp(M') whose subquotients (1)
are indexed by WMM' and given by:
! -1 !
L= i (0w @1 (wory ™ (0))
where 0y = ON' [ON1rw(p) 5 @ character of M’ Nw(M).

We will not prove this proposition, but we refer to the many references [BZ77, [Vig96| Ren09]
for expositions on the geometric lemma. However, the most suitable reference to deal without
normalization seems to be the notes [Cas95, Sec 6]. We simply point out the precise results
we need and their proofs go along the same way as in the notes. Let ), be the double coset
in P\G/P' associated to w € WM ' Choose a total order < on P\G/P', or equivalently
on WMM' guch that Uy, = Uw <y is an open subset of G for all w € WM. Denote the
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submodule of functions supported on U, by iy, = {f € i§;(¢) | supp(f) C Uy} and define
jw = iU, U0, /iU, Then as in [Cas95, Prop 6.3.2], we have in Repp(P):

Juw = indgnw(m(w °0)

and the computation of its N-coinvariants [Cas95, Props 6.2.1 & 6.3.3] is still valid so (Jy)n is
the representation I, we gave above.

A.2. Maximal parabolics for general linear groups. The general linear group G,, = GL,,(F)
is a connected reductive group over F'. We choose as a minimal parabolic subgroup of G,,, also
called a Borel subgroup in this situation, the subgroup of upper triangular matrices B,, with
Levi decomposition T, N,, where T}, is the subgroup of diagonal matices in G, and N,, the set
of unipotent matrices in B. For 0 < k < n, set:

n __ ag 0
-3 1]

It is a standard Levi of GG}, and it is contained in a unique standard parabolic subgroup denoted
by P! = M]'N]'. For k < k' < n, similarly write P, = M}, N/,

Identify W and the permutation matrices representing &,,. By setting r» = max(0, k—(n—k&')),
the map below induces an isomorphism between WM]?\W/ WM:, ~ [r, k]:

a, € G, and b,_j, € Gnk} .

W - [r, k]
o = {o),...,ok)}n{1,..., K}~

Mp M

As a result of this isomorphism, the set of representatives W * is in bijection with the set

W(k,k',n) = {wp ;| 0<i<min(k,n—k)} where:

n 1 : 0 Id
W ; = w; € Gy, with w; = dev v 0 | € G/ _gi2i-
Idn—k"—i k! —k+i

These elements all satisfy wf?,, ;(M? N B,) C B, and (w},, )" (M}, N B,) C B,. One has:

G
Gro—ps
M O o (M) = L
Gnk'—i
that we denote M&fi,k’flwri,i) and:
Gi—i
n n -1 n Gz
My 0 (wg g i) (M) = G v

ankfi

denoted by M&_i ik i)
Remark A.2. When k&’ = k above, we write w}!, and W (k,n) for short. The situation becomes
simpler as the element wj ; has order at most 2 and is equal to its inverse.

A.3. Comparing H-induced endomorphisms and G-endomorphisms. Let G be a locally
profinite group. Let H be a closed subgroup of G. In particular H is a locally profinite group
as well. Let V € Repg(H). For f € ind%(V) and ¢ € Endg(V), define ind% () - f € ind% (V)
by (ind% () - f)(g) = ¢(f(g)) for all g € G. Then it easy to see that:

Lemma A.3. The map ¢ € Endg(V) — ind%(¢) € Endg(ind$ (V) is an injective morphism
of algebras and the evaluation map evy : f € indg(V) — f(lg) € V induces a commutative
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diagram:
ind% (V) indii (¢) ind% (V) .
1% ’ 1%

We are specifically interested in situations when the previous injective map becomes an iso-
morphism, giving a canonical identification between Endg (V) and Endg(ind% (V).

Corollary A.4. Suppose that Homg (ker(evy)), V) = 0. Then the map ¢ — ind% () above is an
isomorphism and has inverse ® — ® where ® is, for & € Endg(indg(V)), the unique element
in Endg (V) such that the following diagram commutes:

ind% (V) ind% (V) .
levl ievl
1% i 1%

In particular ® = ind$(P).

Proof. First of all we have that Endg(ind%(V)) € Homg(ind%(V), Ind%(V)) as the inclusion
of induced representations indg(V) - Indfl(V) holds. Using Frobenius reciprocity, we get:

Homg (ind$ (V), Ind% (V) ~ Homp (ind$ (V), V).
The exact sequence 0 — ker(ev;) — ind% (V) — V — 0 gives by right exactness of Homp (—, V):
Homp (ker(evy), V) — Homp (indG(V), V) B Endg (V) — 0.

As Homp (ker(evy), V') = 0, the map p must be an isomorphism. So on the one hand we have that
¢ € Endy (V) — @ oev; € Hompy(ind%(V), V) is an isomorphism. On the other hand, the iso-
morphism coming from adjunction is ¢ € Homg (ind%(V), V) = Ay € Homg(ind% (V), Ind$ (V)
with Ay(f) 1 g = (g - f)) for f € ind§ (V). Gathering together the previous two isomorphims
yields an isomorphism:

¢ € Endg(V) = Agoer, € Homp (indG (V), Ind% (V).

But the image of Agoey, is included in ind% (V). Indeed, we have evy (g-f) = f(g) for f € ind% (V')
and g € G, 80 Aoen, (f) 1 g = p(f(g)) i-e. Apoer, = ioind% (i) if i denotes ind% (V) C Ind$ (V).
As a result ¢ € Endg(V) — ind%(¢) € Endg(ind%(V)) is an isomorphism of R-algebras. [

When the condition Hompg (ker(ev1),V) = 0 holds, we have in particular a canonical iso-
morphism between Endy (V) and Endg(ind%(V)). To refer to this very previse situation, we
decorate isomorphims with curved arrows ~ or «~~ from Endg(V) to Endg(ind%(V)). This
means that Endg (V) acts on the set of “images” — some would prefer to say the “fiber” — of the
representation indg(V) seen as a space of functions.

APPENDIX B. AROUND THE BERNSTEIN CENTER

B.1. Jacobson rings. We are interested here in Jacobson (commutative) rings. By definition,
they are the rings such that every prime ideal is the intersection of maximal ideals. In particular,
their Jacobson radical — which is the intersection of all maximal ideals — agrees with their
nilradical — which is the set of nilpotent elements, or equivalently, the intersection of all prime
ideals. Any finitely generated (commutative) algebra over a Jacobson ring is itself Jacobson. A
field is Jacobson, and so is the integers Z, but Z, is not as its Jacobson radical is £Z,.

When A is a Jacobson ring, the topological space Spec(A) is Jacobson — this is even an
equivalence [Sta23, Tag 00G3|. It ensures that closed points are somehow well-behaved with
respect to subsets. For instance, if X is a locally closed subset of Spec(A), a closed point x in X
will be closed in Spec(A) [Sta23, Tag 005X]. Denoting by Xp,ax the set of closed points, we will
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have a natural identification Xmax = X N Spec(A)max and by the proof of [Sta23l, Tag 005X]| we
have Xax # 0 if X is non-empty.

Lemma B.1. Let A be a Jacobson reduced ring. Let U be an open dense subset of Spec(A). An
element of A is determined by its specializations over Upax i.e. we have an injective map:

A — H A/m
MEUmax .
a (am)m

Proof. Consider the ideal I = Npep,,,,m, which is well-defined as Upax # 0. We want to
show this ideal is the zero ideal. Let f € I. By definition D(f) = Spec(A[l/f]) is an open
subset of Spec(A) and we have D(f)max N Umax = 0 by [Sta23l Tag 00G6|. This implies that
(D(f) NU)max = 0 and therefore D(f) = 0 by density of U i.e. f is nilpotent in A by [GW20),
Ex 2.2|. So f =0 because A is reduced and we obtain I = 0 as claimed. O

For all connected reductive groups G over a non-archimedean local field F', the block decom-
position of the center reads:

3c@= [ 3@

SGB(';(G)

where Be(G) is the set of inertial classes and each local component 3% (G) is an integral domain
that is finitely generated as a C-algebra. In particular they are reduced Jacobson rings.

According to Lemma above, if M is a module over a reduced Jacobson ring A, it can
be sufficient — when M is “big” enough — to check the action of A on any open dense subset to
understand its action on M. We make this condition on M more precis by defining a quotient
support QS(M) = {p € Spec(A) | M ®4 A/p # 0} for the module M. Note that, by Nakayama’s
lemma, this agrees with the usual definition of support when M is finitely generated. When
m € Spec(A)max, an element a € A acts on M ®4 A/m through a scalar an(M) € A/m in
the center of End /(M ®4 A/m). Because M @4 A/m can be the zero module, we may have
am (M) = 0 with this definition even though an # 0. The quotient support QS(M) is open in
Spec(A) as its complement is easily seen to be closed.

Corollary B.2. Let M be a module over a reduced Jacobson ring A. Assume that QS(M) is
dense in Spec(A). Then for all open dense subsets U of Spec(A), we have an injection:

A — HA/m

mEUmax
a =  (an(M))n
Proof. This is a simple application of Lemma to the open dense set U N QS(M). O

B.2. Generic semi-simplicity. Let G be a connected reductive group over F. Let R be an
algebraically closed field of characteristic £ that is banal with respect to G i.e. £ does not divide
the pro-order |G| of the group.

Lemma B.3. The center of Repr(G) can be decomposed as a product over inertial classes:
3r@= ][ 3%©
SEBR(G)
where each 3%(G) is an integral domain and finite type R-algebra.

Proof. By using the results in [Vig96] on the representation theory of G over an algebraically
closed field of banal characteristic, the methods of [BD84] can be extended to this setting. In
particular, the description of these components as ring of invariants also holds. O

Proposition B.4. There exists an open dense subset U of 3r(G) such that for alln € Upax the
category Rep%(G) is semi-simple and has a unique simple object .
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Proof. Considering the block decomposition of Repp(G), it is enough to prove it for each block.
Solet s € Br(G). Let P = MN and o5 € Repr(M) be a parabolic and an irreducible supercuspi-
dal associated to this inertial class. The representation ig(as\ll) is a pro-generator of the category
Rep%(G) where W : M — R[M/M"] is the universal unramified character for M. Similarly to
[BD84, Prop 3.14], there exists a compact open subgroup K in G of invertible pro-order in R
and a non-zero f € 3%(G) such that the R-algebra Hr(G, K)[1/f] is an Azumaya algebra over
3r(G)[1/f] of dimension N. Here 3r(G)[1/f] = 3%(G)[1/f] because f € 3%(G). Furthermore
Repk(G) is naturally equivalent to the category of modules over H%(G, K) where H% (G, K) is
a direct factor ring of Hr(G, K). So Hr(G, K)[1/f] = H3 (G, K)[1/ f]. Now specializing this al-
gebra to a character 1) : 3%(G) — R gives an equivalence of categories between Rep,(G) and the
category of modules over Hr(G, K)[1/f]®, R ~ My(R). The category My (R)-mod is Morita
equivalent to the category of R-vector spaces. So we obtained that D(f) = Spec(3%(G)[1/f])
is a non-empty open set in the irreducible variety Spec(3%(G)), therefore it is dense and for all
7 € Umax the category Repl(G) is semi-simple with a single simple object 7, = i%(c¥) ®, R
coming from the generic irreducibility. U

B.3. Regular representation. We combine the previous two paragraphs to obtain “generic”
properties about the regular representation. We carry on with the hypotheses with G' connected
reductive group over F' and R an algebraically closed field of banal characteristic with respect
to G. For V € Repp(G) and n: 3r(G) — R a character of the center, we recall that the largest
n-quotient of V' is defined as V, =V ®, R = V/V[n].

Proposition B.5. There exists an open dense subset U in Spec(3r(G)) such that for all char-
acters n: 3r(G) = R in Unax, we have:

COO(G)W =Ty QR 7T,,\]/.

c

Proof. This is an easy application of Proposition [B:4] combined with the classical fact that
CX(G)r =m@r 7" as a (G x G)-representation for all irreducible 7 € Repy(G). O

B.4. Extension of scalars. Let R be a Z[1/p]-algebra. We first introduce the Gelfand-Graev
representations that will be our cornerstone for the compatibility of the Bernstein center with
scalar extension. In this section, all tensor products are over Z[1/p] unless otherwise stated.

Let N, be the unipotent radical of the standard Borel i.e. the group of unipotent upper
triangular matrices in Gy,. We consider the ring Ry = Z[1/p, pip] that is obtained by adjoining
all p-power roots of unity. Let ¥ be a non-degenerate character of N,, with values in Rg. We
define the Gelfand-Graev representation with coefficients in Ry by ind%ﬁ (v0). We introduce the
term locally finitely generated for a representation V € Repp(G,). It means, in terms of the
depth decomposition V' = @, V;,, that each V. € Repr(Gy,) is finitely generated. By a local
progenerator we therefore mean a locally finitely generated projective generator of Repr(Gy,).
The forthcoming paper [DHKM23| proves that:

Proposition B.6. There exists an integral model Wy, o, of the representation of Gelfand-Graev

over Z[1/p] such that Wy,  ® Rg is isomorphic to ind]%: (¢). Furthermore Wy, y is locally
finitely generated and projective.

Definition B.7. The Gelfand-Graev representation over R is defined as Wﬁn » = Wn,p ®R.
We are going to prove:

Theorem B.8. The map ®r: 2z € 3r(G,) — awr € Endg, (Wﬁn,zﬁ) is an isomorphism.

The proof of the theorem breaks down into the following two lemmas, which easily implies on
the one hand the surjectivty of ®z and on the other hand its injectivity. As these proofs require
several steps, we prove them in a separate section:

Lemma B.9. There exists a section ¥ : Endg,, (Wﬁmw) — 3r(Gr) of Pp.

Lemma B.10. The natural action of 3r(Gr) on Wﬁmw is faithful.
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We now explain how to deduce the compatibility with scalar extension as a corollary of
Theorem [B-8l First, we observe that restricting to finite depth enables us to work over a module
category. Indeed, for a connected reductive group G over F' denote by r1,72,... the depth
sequence as in Section and by eZ»G the central idempotent associated to the depth r; category
Repr(G),, whose progenerator is P(r;). If K is a compact open subgroup of G that is small
enough, the finitely generated projective representation ind?{(l k) surjects on each factor of
P(r;) so eiG indIG((lk) is a progenerator of the depth r; subcategory and has endomorphism ring
eSHR(G, K)e. Therefore we have an equivalence of categories:

Repr(G)r, — (eSHR(G, K)eS)-mod
\% — eSVE '
The following Lemma, whose proof appears at the end of this appendix, gives a fairly explicit

interpretation of the compact K for general linear groups if we group the depth pieces according
to the ceiling function.

Lemma B.11. Letr € N and K, = I, + WFFIM”(OF) be the r-th congruence subgroup in Gy,.
The functor of K.-invariants induces an equivalence of categories:

Repr(Gn)<r — Hr(Gp, K,)-mod
v - v '

Because finitely generated projective modules are finitely presented, the endomorphism ring
of the depth-r summand of the Gelfand-Graev representation is compatible with arbitrary scalar
extensions according to |[Lam06, Prop 1.2.13|. This means that the functor — ® R induces an
isomorphism between pieces of depth at most r as above:

Endz1/p)(G,) (W, w.<r) @ R~ Endpig, ) (WY, y.<)-
This gives us an isomorphism 371 /,](Gn)<r ® R =~ 3r(Gn)<r thanks to Theorem .
There is a more intrinsic way to describe this isomorphism. Consider the natural map:
321/p)(Gn) = 3Rr(Gn)

induced by the forgetful functor F': Repr(Gn) — Repzy/p(Gn). To describe it explicitly, this
ring morphism is z — (zp(1))y where V runs over all representations in Repp(Gr). Note that
zp(vy is R-linear because multiplication by a € R is Z[1/p][G]-linear. One only needs to check
that for all f € Hompgq, (V, V') we have zpyry o f = f o zpny. But since z is in 377 /5 (Gr),
the equality holds because F'(f) and f are the same map. This natural map induces a bilinear
map 3z(1/p)(Gn) X R — 3r(Gr) which factors through the tensor product:

nr : 3z /p)(Gn) @z(1/p) B — 3rR(GR).

As a consequence of the present discussion, we have:
Corollary B.12. The map nr induces an isomorphism
nr : 3z01/p)(Gn)<r @z /p) B — 3r(Gn)<r-

B.5. Proofs of Lemmas [B.9] and [B.10, Central to our approach is the construction of a
local progenerator of Repp(Gy) out of the Gelfand-Graev representation. First of all, we state
a general result about compatibility of progenerators with scalar extension and faithfully flat
descent. In the lemma below G is a connected reductive group:

Lemma B.13. Let R — S be a morphism of Z[1/p]-algebras and P € Repr(G).

(i) If P is a local progenerator of Repr(G), then PR S is a local progenerator of Repg(G).
(ii) If P®R S is a local progenerator of Repg(G) and S is faithfully flat over R, then P is
a local progenerator of Repr(G).

Proof. The depth decomposition P = @ P, is compatible to scalar extension in the sense that
the depth r factor of P ®pg S in Repg(G) is given by (P ®r S), = P, ®g S. By the discussion
preceding Lemma [B.T1| the result is equivalent to some central base change statements in module
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theory. We did not find a reference in terms of descent for finite projective modules over non-
commutative rings, so we review the proof now which is very similar to the commutative case.
Let A be an R-algebra (not necessarily commutative), so that R is central in A and the categories
at stake will be A — mod and (A ®pr S) — mod obtained by central base change.
(i) It is clear that finitely generated modules are preserved by central base change. Projectivity
is preserved as well because, by the tensor-hom adjunction, the functors Hom g, s(P ®r S, —)
and Hom 4 (P, Homg(S, —)) are canonically isomorphic, where the latter is exact as Homg(S, —)
is the forgetful functor (A ®p S) — mod — A — mod. The fact that Homag,s(P ®r S, —) is
faithful can be easily seen using again the tensor-hom adjunction as it becomes the composition
of two faithful functors. So P ®pr S is a generator.
(ii) This claim is similar to the descent for finite projective modules. We first prove that P is
finitely presented. Because P®RprS is finitely generated and projective, it is a direct factor of some
finite free module i.e. there exists n € N such that (A®pr S)" ~ (P ®r S) & P’. Therefore P’ is
finitely generated, so P®pg.S is finitely presented. As P®p.S is finitely generated, there is a finite
family vy1,...,ys generating it and we can write each of them as finite sum y; = Zj Tij OR Sij-
We obtain a finite set made of the (x;;);; that we reorder as x1,...,z;. Consider the map
fi(a)i € A5 — > a;x; € P. Then its central base change to S is surjective, so f is surjective
as well by faithfully flatness. A similar argument proves that its kernel is finitely generated, that
is P is finitely presented as an A-module.

Next, suppose V' — W is a surjective map of A-modules. Let C' denote the cokernel of

Homyu (P, V) — Homa (P, W).
Since P is finitely presented and R — S is flat, we have by [Lam06, Prop 2.13| an isomorphism:
Homu (P, V) ®r S = Homyg,,s((P ®r S,V ®r S)
and similarly for W. Thus C ®p S is the cokernel of the map:
Homug,s(P ®r S,V ®r S) = Homyg,s(P @r S,W ®gr S)

which is zero by projectivity of P®g.S. Hence C'is zero by faithful flatness of R — S. Therefore
we obtain that P is projective.

We now turn to showing that finitely presented and flat implies projective for A-modules.
Because P is finitely presented, there exists an exact sequence 0 — P’ — A® — P — 0 with
s € N and P’ generated by a finite set c1,...,¢ in A®. By the equational criterion of flatness
[Lam99, Th 4.23] there exists a homomorphism 6 : A® — P’ such that §(c;) = ¢; for all i. Thus
is the identity on P’ and defines a section of P’ — A®, so the exact sequence splits. We conclude
that P is a direct summand of the finite free module A® i.e. P is projective.

For faithfulness, we need to show that the functor Hom4(P, —) is faithful. By tensor-hom
adjunction, and again by the fact that P is finitely presented and R — S is flat, the composition
Hom4(P,—) ®g S is canonically identified with Homgr(P ®g S, — ®g S). Our hypothesis
ensures the latter functor is faithful. Now if a composition of functors is faithful, the first functor
in the composiiton must be faithful so Hom (P, —) is faithful. This concludes the proof. O

The first part of the previous lemma reduces the problem to constructing a progenerator with
coefficients in Z[1/p]. The second part tells us that it is enough to verify the conditions of being
a local progenerator over a faithfully flat extension such as Ry. Here is the progenerator we
mentioned for general linear groups:

Lemma B.14. Let std be the set of standard parabolic subgroups of Gy, and define:

Wﬁ?ib = @ indg" o resgn (Wi, )
Pestd

It is a local progenerator of Repzyy /p(Gn) and therefore we have:

32[1/p](Gn) = 3(EHdGn(WJg\fin,w))-



38 GIL MOSS AND JUSTIN TRIAS

Proof. According to Lemma [BI3] it is enough to prove it after a faithfully flat base change
as induction and restriction functors commute to scalar extension. Therefore it is enough to
prove it over Ry replacing Wy, 4 by ind% (10). The representation indgz (1) is locally finitely
generated and projective by Proposition [B.6| Note that the induction (and restriction) functors
preserve finite generation over arbitrary rings, as opposed to what is written in [DHKMD, Cor
1.5]: indeed the noetherianity hypothesis there is superfluous as it relies on the proof of [Dat09)
Lem 4.6] and second adjunctio which are both valid over any Z[1/p]-algebra. So ind%’; ()
is locally finitely generated and projective. We now prove it is a generator. As all finitely
generated objects admits a simple quotient, it is enough to prove that for all simple objects
7 € Repg, (Gn):

Hompg(,,] (indg: ()8 ) # 0.

Actually 7 has coefficients in a residue field of Ry. Denoting by P € Spec(Ry) the prime ideal
kernel of Ry — Endpgq,](7) given by the action of scalars, we have k(P) = Frac(Ro/P) and
7 € Repy(p)(Gr). Therefore by tensor-hom adjunction:

Hom (g, (ind§? ()5, ) = Homyp (g, (ind 7 ()5 @pq k(P), 7).

So we reduce the question to checking that indgz ()" @R, k(P) = indgz (Y1 (p))8" is a local
progenerator of the category Repk(p)(Gn). Note that field extensions are faithfully flat, so we

can always assume that our base field k is algebraically closed. Now we obtain that indgz (g )8
is a local progenerator as a consequence of the following three properties:

e the existence of cuspidal support;
e all cuspidals are generic for general linear groups;
e the restriction rgn (imd%:‘1 (V) =~ ind]\N4M (Yk|N,,) with P of Levi M and Ny = N, N M.

So Homp, [Gn](indgz ()8, ) # 0 and Lemma implies that Wﬁi% is a local progenerator
by faithfully flat descent. O

Let Ep € Endg,, (Wﬁinw) be the projection on the direct factor associated to P € std. It is
an idempotent and the commutator in EndGn(W]gVinw) of all these idempotents is:

@ Endg, (indg" o resgn(Wwa)).
Pestd

Therefore we have inclusions:

Z(Endg(WE",)) € @ Endg, (indG" oresf; (W, ) € Ende, (WE™,).
Pestd

We denote by (Mp)pesta an element in the second term of the inclusions. Consider the map
evg, : (Mp)pesta — Mg, and denote by @ its restriction to Z (EndGn(Wﬁinw)). The functor

F = @ pegqindz" oresg, induces a morphism:

Up ¢ (¢p)pesta = (ind%" ores§ (6)) pesta.

We want to show:

Lone of the reasons that could explain it: the proof of the second adjunction in [DHKMbD] initially dealt with
noetherian Z[1/p]-algebras and they relaxed the noetherianity assumption at a very late stage of the writing.
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Lemma B.15. The image of Vg is central in Endg(Wﬁi%) i.e. there exists a section ¥ of ®
completing the commutative diagram of solid arrows:

P

Endg, (W,p) — — - — - - = Z(Endg, (WE",)) Ende, (W, v) -

I e

@ EndGn(indgn o resgn(Wde,))

Pestd

Endg,, (W]%,irjw)

Morevoer @ is injective, therefore both W and ® are isomorphisms.

Proof. We start by the injectivity of ®. As ngrfw is a local progenerator, we know that the
map z € 3z(1/p)(Gn) = Zween € Z (Endg(W]%, ) 1s an isomorphism, and composing by ® we
obtain 2 € 371/ (Gn) = 2wy, , € Endg(Wh, 4). Similarly to [Hell6b], extending scalars to C
gives the injectivity of ®.

There remains to prove the existence of the section W. The composition W o ® induces:

2 € 3z11/p)(Gn) = (indgn o resgn (2w, ) Pestd € @ Endg, (indg” o resgn(Wwa)).
Pestd

We want to prove that the image of 2 is central. First the action of z € 3z /p](Gn) on W]%inw
is given by (Zindg" oresE, (WNn,w))PGM € Z(Endg, (W]gvirjw)) The centrality will be a clear conse-
quence of the following identity:

_ _: 1Gn P

“indZroresf, (Wi ) indz" oresq, (2w, )

This identity comes from the existence of Harish-Chandra morphisms [DHKMDb, Th 4.1]. Ac-
tually the only property we use, which is weaker than the full Harish-Chandra morphisms, is

the fact that z. indg" (f") for some f" € Endps (resgn (Wn,, ). By Frobenius

reciprocity:

1ndG"oresP o Wi w)

f = resg (2w, )
and therefore the identity Zygen = =Wro (P(nge“w) holds. So ¥ induces the required ¥, which
is at the same time injective and a section of ®. Hence ¥ and ® are isomorphisms. U

We can extend scalars to R to obtain a new diagam. However we first have to bound the
depth in order to avoid complications due to non commutation of infinite direct product and
tensor product. As finitely generated projective objects are direct factors of some finite free
module, this allows arbitrary scalar extension for their endomorphism rings. In our situation,
we obtain a commutative diagram:

YRR PR

Ende, (WY, <)

Z(Endg, (W™, .,)) ® R Endg, (W§, 4 <)

‘IIFR %

@ Endg, (indg" o resgn (Wﬁn,w,gr))
Pestd

~

Ende, (WF 4 <)%
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where the endofunctors Fr = @ peyq indg" o resgn and Fy[1 /, ® R of Repp(Gy) are canonically

isomorphic because parabolic restriction and induction functors commute with scalar extension.
Also ¥ ® R and ® ® R are still inverse isomorphisms and W, remains a section of evg,,.

Because EndGn(W]g\,inw’ <) ® R identifies with EndGn((WJI\‘}n’ p.or)E), the image of the first
vertical map must lie in Z(Endg,, ((Wﬁmw <)) In other words, we can complete the diagram
with a section Ui and a retraction ®p, coming respectively from ¥ ® R and evg,,, into the
following;:

YRR PRR

EndGn(Wﬁn,w,gr) Z(Endgn(Wﬁfﬁw@)) ®R EndGn(Wf\?mw,gr) .

\ /

Vg Z(Endg, ((W]I\“}n7w’<T)gen)) evay,

@ Endg, (indg” o resgn (W]]\?mwygr))

Pestd

Ende, (W, y,<)%")

In particular composing from left to right implies Lemma
There remains to prove Lemma[B.10|to have the compatibility with arbitrary scalar extension:

3z11/p)(Gn)<r ® R~ 3r(Gn)<r-

Note that the center 3r(G,,) acting faithfully on Wﬁmw is equivalent to the injectivity of ®g.
In the course of the proof of Lemma we proved the injectivity of ® using an identity that
was a consequence of the existence of Harish-Chandra morphisms:

_ _ . 1Gn P
Zindg" oresgn W ,w) lndP oresg, (ZWNn,w)'

for z € 3701 /p(Gr). If such an identity held for z € 3r(G,) and Wﬁmw, we would be able
to conclude as above that Ug o (I)R(Z(WJI\;B d))gen) = ZWR jeen In this case W would be an

isomorphism and so would ®. Therefore we focus our efforts on proving this identity:
Proposition B.16. Let z € 3r(G,) and P € std. Then:

_ _ G P
FindFnoresf; (Wivy,w) — indp" oresg, (2wy,, ).

Proof. As in the proof of Lemma it is sufficient to prove that:

c 1Gp p R
ZindSnorest, (Wi ) — ind7 (f') for some f" € Endy(resg, (Wy, ,))-

The methods of Bushnell-Henniart [BHO3, DHKM23| give that resgn(Wﬁn ) is the Gelfand-
Graev representation for the Levi M and we denote it by . We want to prove that:

Z(Endg, (ind%" (0))) C ind" (Endyy (o).
This will be a consequence of the following proposition:
Proposition B.17. We have:
Ende, xu (ind§" (C2°(M))) = Endagwar (C°(M)) = 3p(M).
Proof. By Frobenius reciprocity we have:

Endgan(indg” (C*(M))) = HomeM(resgn o indg" (C*(M)),CE(M)).



TOWARDS A THETA CORRESPONDENCE IN FAMILIES FOR TYPE II DUAL PAIRS 41

By the geometric lemma stated in Proposition [A-T] the restriction-induction has a filtration by
certain (M x M)-modules where the subquotients I,, are indexed by w € WM in the Weyl
group. As in Proposition 2.2} the result of the current proposition will hold as long as:

Hom s w pr (L, C2°(M)) = 0 for all w # Id.

When w # Id we have isomorphisms of (M x M )-modules:

5y —’lUil o0
Lo = Y (8w @n (wo sy, W™ (C2(n)))

where the bar accounts for the fact that are our standard parabolics are opposite to the usual
upper triangular ones. By second adjunction Hompsx s (1, CS°(M)) is isomorphic to:

wl 00 w 00
Hom pmu(ay) v (6w ©r (w oty MMM (02 (01))), ey M (2 (an))).

On the one hand, by integrating over the group M N w(N,) we get that the right-hand side
is C((M Nw(Ny))\M) as a (M Nw(M)) x M)-module. An element (m,,, m) will act on a
function f in this space by:

(s m) - £ (M AW(NG)) 1 Sxgei) () X F((M O w(Ny))mig /).

On the other hand, the left-hand side is 8, @r (w o (C((w™H(N,) N M)\M))).
Let z € Z(M). On the right-hand side, the element:

(17'2) - 6Mﬂw(Nn)(zil) ' (Zilv 1) € R[(M N U)(M)) X M]
acts as zero. On the left-hand side however, there exists a character x such that the element:

(1,2) = x(2) - (=7, 1)

acts as zero. We are not going to make this character x explicit as we can carry out our argument
for all characters. As a result we see that any morphism in Hompsx s (1w, C2°(M)) must factor
through elements of the form (§psu(n,)(z71) - (2,1) = x(z71) - (2*,1)) - f. We denote by I, the
quotient of I, by the previous elements. In particular the group:

H={(z"12¥1)|z € Z(M)}

must act through a character on I/,.

Let w # Id. Let z € Z(M) such that 2/ = 2z712% is not a compact element. Note that
such an element exist because w # Id. Then for compact support reasons we must have
Hom psnu(any (I, C2((w™H(Ny) N M)\M))) = 0 as 2’ acts as a character on the left-hand
side but can not on the right-and side because (w=!(N,) N M)H is not compact. Therefore
Hom s x s (L, CS°(M)) = 0 and the proposition holds. O

In order to finish the proof, note that C°(M) — ind]]\\/,[an(l/JNan) = o via the largest
¥~ L-isotypic quotient construction. This map is (M x (N, N M))-equivariant. In particular for
z € 3r(G,,) this yields a commutative diagram:

. Gn . G
indZ" (C°(M)) ind7" (o)
lzindgn(ch(M)) izindg"(a)

. Gn . Gn

indZ" (C(M)) indZ" (o)
By Proposition |B.16| the map ZinaGn (Coo(M)) = indg”(z’cgo(M)) for some 2’ € 3r(M), so this
implies that z, 4G (o) = indg" (25) and the proposition holds because z, %" (o) is induced. [

P P
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B.6. Proof of Lemma Consider Q«, = indIG{: (1k,) where 1g, = R is the trivial module.
The lemma will hold as a Morita equivalence statement because Hg(Gn, K;) = Endg(q,|(Q<r),
so we have to prove that Q<, € Repr(Gy)<r is a progenerator of this category. First Q«, is:

e finitely generated — it is even cyclic as the characteristic function of K, generates it;
e projective — because ind?(’: is left adjoint of the restrcition functor, which is exact.

We now prove it is generating the category Repr(G,)<, i.e. all irreducible m € Repr(Gp)<r is
a quotient of QQ<,. Say 7 has depth r; < r. Then, as a consequence of the existence unrefined
minimal K-types [MP94, [Vigd6, Dat09], there exists a point z in the Bruhat-Tits building
of GG, such that 7 has a non-trivial fixed vector under G et where G, _ is the Moy-Prasad

filtration. We can always assume that the point x belongs to the star of zg, whose stabilizer
is Gz, = GL,(OF). For all integers s, we have G, o+ C G, o+ by [ABPS16, Lemma 4.3]. In
particular G ,+ = K, C G+ C Gx7r_+ and 7 has a vector fixed under K,. Therefore Q«, is a
generator. '

We also have to prove that (<, has no piece of depth strictly greater than r. Take r; > r and
look at the central idempotent e,, € 3r(G),) associated to the depth r; direct factor. Because
Q< is cyclic its depth r; factor is cyclic as well. In particular it is finitely generated. In the
abelian category Repr(G,), a non-zero finitely generated object will admit a non-zero simple
quotient [Ren09, A.VI.3 Prop|. Let 7 € Repr(G,)r, be irreducible and use adjunction:

Homg, (Q<,,m) = Homp, (1k,,7) = Homg, (1, 757).

We are now interested in 7" and we want to prove it is zero. If it was non-zero, then there
would exist an unrefined minimal K-type v of depth < r contained in 7. But all unrefined
minimal K-types of m have same depth r;, so we obtain a contradiction. Therefore 7 has no
fixed vectors under K, and this proves that Q<, € Repr(Gk)<r-
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